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Researchers have assumed that adults solve simple arithmetic problems by retrieving answers
from a network of stored facts. In 2 studies, undergraduates described then" solutions of
single-digit multiplication problems. They reported direct retrieval on approximately 80% of
trials, but also reported rules (e.g., anything times 0 is 0), repeated addition (e.g., 2 X 4 =
4 + 4), number series (e.g., 3 X 5 = 5, 10, 15), and derived facts (e.g., 6 X 7 = [6 X 6] +
6). Participants were slower to retrieve problems that were most likely to be solved by
nonretrieval procedures and faster to retrieve problems that were usually solved by retrieval.
These results indicate that direct-retrieval models are incomplete accounts of adults' perfor-
mance and support a continuing influence of learning and experience on the mental repre-
sentation of simple multiplication problems.

Few would question the assumption that there are multi-
ple ways to accomplish complex cognitive tasks such as
comprehending text or solving physics problems. On sim-
pler tasks, however, such as arithmetic or word recognition,
the processes used by normal adults are often assumed to
converge on a single, efficient solution procedure. For ex-
ample, research on simple arithmetic has been driven almost
entirely by the assumption that adults uniformly retrieve the
answers to these problems from a stored knowledge repre-
sentation (Ashcraft, 1992, 1995). Thus, in current models of
how adults solve these problems (Ashcraft, 1987; Campbell,
1995; McCloskey & Lindemann, 1992; Widaman & Little,
1992; reviewed by Baroody, 1994), there is no provision for
selection among multiple approaches to solution. Recent
research has revealed, however, that adults use a variety of
procedures to solve simple single-digit addition or subtrac-
tion problems (Geary, Frensch, & Wiley, 1993; Geary &
Wiley, 1991; LeFevre, Sadesky, & Bisanz, 1996; Svenson,
1985), as do children (e.g., Siegler, 1987,1989). Adults also
have been shown to use a variety of procedures on tasks
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such as question answering (Reder, 1987) and picture ver-
ification (Marquer & Pereira, 1990) and to modify their
processing as a function of list composition during naming
of letter strings (Herdman, LeFevre, & Greenham, 1994;
Monsell, Patterson, Graham, Hughes, & Milroy, 1992).
Despite the accumulation of such evidence, the role of
diverse, flexible, and variable selection of procedures has
had relatively little impact on the formulation of models of
adult cognitive processes.

In this article we address the issue of selection of proce-
dures among adults in the context of simple multiplication
problems. We describe evidence that procedures other than
retrieval are used on such problems and examine the con-
sequences of using multiple procedures for patterns of la-
tencies and errors. Our goal is not to reject the view that
adults use retrieval, but to examine diversity in solution
procedures and the consequences of that diversity for mod-
els of the solution process. Our focus is limited to simple
multiplication problems, but we believe that the lessons
derived from these analyses may have considerable gener-
ality to other simple cognitive tasks.

MAJOR EMPIRICAL RESULTS

In multiplication, as in simple addition, a pervasive em-
pirical finding is that problems with smaller operands (e.g.,
3 X 4, 2 X 5) are solved more quickly and accurately than
problems with larger operands (e.g., 8 X 9,6 X 8; Campbell
& Graham, 1985; Miller, Perlmutter, & Keating, 1984;
Stazyk, Ashcraft, & Hamann, 1982). This problem-size
effect has been linked to structural (i.e., numerical) indices
such as the product of the operands (Miller et al., 1984) or
the maximum operand (Campbell, 1995). Structural indices
typically account for approximately 20 to 40% of the vari-
ance in solution latencies (excluding problems with oper-
ands of zero or one; Campbell, 1995; Campbell & Graham,
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1985; Koshmider & Ashcraft, 1991; Miller et al., 1984;
Stazyk et al., 1982).

Correlations between latency and structural variables,
however, vary substantially depending on the particular set
of problems included in the calculation, and there are sev-
eral exceptions to the problem-size rule. First, ties (e.g., 6 X
6) show smaller effects of problem size than do nonties
(e.g., 4 X 9 ; Miller et al., 1984). Second, problems that have
5 as an operand are solved more quickly than other single-
digit problems with operands of a comparable magnitude
(Campbell, 1994, 1995; Campbell & Graham, 1985). Thus,
although problem size is a reliable predictor of latencies and
errors, it provides an incomplete account of the variability in
solution latencies on single-digit multiplication problems
(cf. Widaman & Little, 1992).

The types of errors that adults produce when they solve
simple multiplication problems are very consistent across
studies. The most common errors are those that share an
operand with the correct answer (e.g., responding "42" to
the problem 6 X 8). Even children who are just learning to
multiply make a majority of these operand-related errors
(Siegler, 1988b). Among adults, the proportion of errors
that are operand related ranges from 40 to 80% (Campbell,
1994,1995; Campbell & Graham, 1985; Miller et al., 1984).
Other errors include operand-unrelated errors in which the
answer is correct for some other multiplication fact (e.g., 9
X 3 = 28); and operation errors, such as responding with
the sum rather than the product of the operands (e.g., 3 X
3 = 6).

The consistency of the problem-size effect across various
studies and paradigms strengthens the argument in favor of
a representation mat is strongly related to the numerical
properties of the stimuli. Similarly, the high proportion of
errors that are multiplicatively related to the correct answer
suggests that the solution of simple multiplication problems
relies on an organized and interconnected knowledge base.
Thus, models of the solution process among adults have
typically been focused on describing the form of an internal
mental representation that would produce these stable em-
pirical results (i.e., effects of problem size and operand-
related errors). The models vary in the degree to which they
can accommodate the exceptions (i.e., effects of ties and
5-operand problems) that represent deviations from the gen-
eral problem-size rule.

MODELS OF MULTIPLICATION

Models of mental multiplication in adults fall into three
broad categories: (a) retrieval models in which structural
(i.e., numerical) indices determine the mental organization
of arithmetic facts (Campbell, 1995; Campbell & Oliphant,
1992; Widaman & Little, 1992); (b) retrieval models in
which the mental organization of arithmetic facts is a prod-
uct of cumulative learning experiences of arithmetic (Ash-
craft, 1987; Campbell & Graham, 1985); and (c) multiple-
procedure models that include a variety of solution
processes in combination with retrieval (Baroody, 1994;
Siegler, 1988b; Siegler & Shipley, 1995). Models in the first
two categories are similar in that performance is explained

entirely or primarily on the basis of retrieval from a mental
network of facts. These models differ, however, in how the
network is assumed to be organized. Structural accounts are
tied to numerical indices in fairly direct ways and thus are
only indirectly related to performance or behavior during
acquisition of multiplication knowledge. In contrast, learn-
ing or experiential accounts are linked to factors associated
with the pattern of experiences that an individual has during
the learning of basic multiplication facts such as frequency
of exposure, order of acquisition, and the difficulty of
computation. In multiple-procedure models, direct retrieval
from a network of facts is assumed to be supplemented by
other procedures. Detailed reviews of models in these three
categories are available elsewhere (Ashcraft, 1992; Ba-
roody, 1994; McCloskey, Harley, & Sokol, 1991). The main
issue for the present purposes is how each class of models
accounts for effects of problem size, ties, and 5-operand
problems, and therefore, a representative example of each
class of model is described.

Structural Models

Campbell (1995; see also Campbell and Oliphant, 1992)
has developed a computer simulation model in which the
structural features of the problems (i.e., magnitude relations
and featural similarity) determine solution latencies and
patterns of errors. This simulation model relies on interfer-
ence among problems and answers to produce effects of
problem size, ties, and 5-operand problems. In their model,
a presented problem (e.g., 5 X 6 ) activates other problems
with both physical code similarity, such as the overlap in
features across problems (e.g., 5 X 6 and 5 X 9 are more
similar than 5 X 6 and 9 X 5), and magnitude similarity in
which larger numbers are more similar than smaller num-
bers (see Campbell, 1995, for a description of how magni-
tude similarity is computed). Other activated problems in-
hibit the presented problem, and thus greater similarity
among problems results in longer latencies and more errors.
Ties and 5-operand problems are solved quickly because
they have relatively little overlap with other problems and
thus generate less interference. Similarly, the problem-size
effect occurs partially because larger answers (e.g., 54, 72)
generate more mutual interference than do smaller answers.
Campbell's (1995) model produces all three of the major
latency effects (i.e., of problem size, ties, and 5-operand
problems) and generates very similar error patterns to that
of adult participants. The simulation has no mechanism,
however, for how the representation that is incorporated in
the model might be acquired, and it is not clear whether the
assumptions about magnitude similarity plausibly represent
the magnitude knowledge of human solvers or are primarily
a mathematically convenient way to produce a pattern that
is similar to that shown by participants. Finally, the model
appears to discount completely a role for rales or nonre-
trieval solutions either in the formation of the network or in
subsequent performance, resulting in a large discrepancy
between the explanations of performance that have been
advanced to explain the behavior of children (e.g., Siegler,
1988b) and that of adults.
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Learning-Based Retrieval Models

Compared to structural models, retrieval models based on
learning history incorporate the learning experience of
childhood in the network used by adults to retrieve answers
(Ashcraft, 1992) and thus preserve a continuity of experi-
ence. In learning-based models, factors such as frequency of
exposure to specific facts (Ashcraft, 1987; see also Siegler,
1988b) and order of acquisition of facts (Campbell & Gra-
ham, 1985; Graham, 1987; Graham & Campbell, 1992) are
hypothesized to shape the mental network. Campbell and
Graham (1985) proposed a network-interference model in
which associative strengths, rather than numerical structure
in die form of area or similarity overlap, accounted for the
problem-size effect. They suggested that retrieval time is
based on the strength of the connection between operands
and answers and on the amount of interference generated by
other problems. Presumably, problems that are experienced
more frequently may have stronger associative strengths
than problems that are experienced less frequently. In con-
trast, problems that are learned earlier may interfere with
those learned later, and this proactive interference may have
a negative effect on the buildup of associative strength
(Graham & Campbell, 1992; cf. McCloskey & Lindemann,
1992). Both of these factors are related to problem size, and
hence the problem-size effect is a surrogate for the under-
lying variables that shaped the network.

Indirect support for the assumption that acquisition order
and frequency can affect performance is provided by reports
of teaching practice. Problems with smaller operands are
introduced earlier and practiced more frequently than prob-
lems with larger operands (see also Graham & Campbell,
1992). This small-fact bias (Ashcraft & Christy, 1995;
Siegler, 1988b) may account for effects of problem size.
Consistent with the view that varying frequency can pro-
duce a problem-size effect, McCloskey and Lindemann
(1992) simulated multiplication performance with a distrib-
uted processing architecture and showed that varying the
frequency of presentation (but not order of acquisition)
resulted in general increases in latencies with problem size.
Tie and 5-operand problems, however, are not presented
more frequently than other problems of a similar magnitude
(Ashcraft & Christy, 1995; cf. Siegler, 1988b), and thus
frequency cannot account for the advantages shown by
these classes of problems. More generally, researchers have
questioned the plausibility of the assumption that frequency
differences experienced in childhood continue to influence
adult latencies (McCloskey et al., 1991; Widaman & Little,
1992).

Multiple-Procedure Models

The third category of models, those that include multiple
routes to solution, have typically been used to account for
the performance of children (e.g., Lemaire & Siegler, 1995;
Siegler, 1988b; Siegler & Shipley, 1995; cf. Baroody,
1994). Evidence showing use of multiple procedures among
adults in addition and subtraction (Geary et al., 1993; Geary

& Wiley, 1991; LeFevre et al., 1996; Svenson, 1985),
however, raises die possibility of a similar role for proce-
dures other than retrieval in multiplication. As with the
retrieval models based on cumulative learning history, an
extension of multiple-procedure models to adults is appeal-
ing in that it avoids a strict discontinuity between the
performance of less-skilled and more-skilled individuals.

Siegler and his colleagues (Siegler, 1988b; Siegler &
Jenkins, 1989; Siegler & Shipley, 1995; Siegler & Shrager,
1984) developed the distribution-of-associations model,
which includes (a) a separate representation of each fact that
is associated widi a variety of possible answers and (b)
stored procedural knowledge about nonretrieval solutions.
The strongest or most "peaked" association develops be-
tween the problem and its correct solution (e.g., 32 for 4 X
8), but related answers may also have appreciable strengths.
For children, procedural solutions such as repeated addition
(e.g., solving 3X4 as 4 + 4 +4) are also linked to specific
problems and classes of problems by variable strength val-
ues (Siegler & Shipley, 1995). Whether retrieval or some
other approach is used to produce an answer on a given
problem depends on a variety of factors, including the
relative strengths of all associated procedures, a confidence
criterion that is used to evaluate any retrieved answer, and,
ultimately, the associative strengths in the stored represen-
tation of answers for each problem.

In Siegler's model (Siegler, 1988b; Siegler & Jenkins,
1989; Siegler & Shipley, 1995; Siegler & Shrager, 1984),
the distribution of associations for each problem is built up
through the cumulative experience of retrieval and other
procedures. In the computer simulation of multiplication
described in Siegler (1988b), frequency of presentation in a
children's textbook was used to determine the frequency
with which the model experienced each specific fact. The
model initially solved most facts via repeated addition (the
primary backup procedure in the model). Each time a prob-
lem was solved, however, the strength of the association
between that problem and the computed answer was in-
creased, even if the answer was incorrect. Eventually, the
simulation solved most problems through retrieval (quickly
and accurately), and only those problems with relatively flat
distributions were still solved via repeated addition. More
important, however, because repeated addition was more
error prone on large than on small problems, the distribution
of associations for large problems was less peaked, and thus
the simulation showed a typical problem-size effect. Spe-
cifically, the model showed positive correlations among the
percentage use of procedural solutions and percentage of
errors and latencies on retrieval trials (as did a group of
children whose performance was compared to that of the
model). Thus, the problem-size effect shown by the model
was a consequence of the operation of two factors during
acquisition: (a) the frequency of exposure to specific facts
and (b) the error-proneness and slowness of procedural
solutions on large problems. Effects of ties were attributed
to frequency of presentation, whereas effects of 5-operand
problems were attributed to generally more accurate execu-
tion of repeated addition (Siegler, 1988b).

Siegler (1988b) also demonstrated that certain aspects of
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the children's performance were closely related to that of
adults. In particular, the percentage correct obtained by
third- and fourth-grade children on a speeded multiplication
task consistently accounted for more variance in adults'
solution times across a variety of data sets than did struc-
tural predictors such as product (Miller et al., 1984) or
maximum operand (Campbell & Graham, 1985). Siegler
assumed that percentage correct in the speeded response
task was a reasonably direct representation of the "peaked-
ness" of the children's mental representations for the vari-
ous facts. Thus, Siegler argued that there is very strong
continuity between the performance of young children just
learning to multiply and that of highly skilled adults.

Summary

Models of how adults solve simple multiplication prob-
lems vary in whether the organization of the stored infor-
mation is a result of experiences during acquisition (such as
frequency of use of procedural solutions) or is a more direct
consequence of the numerical relations among problems.
All models successfully account for a general effect of
problem size and predict a majority of operand-related
errors, but the models vary in how effects of ties and
5-operand problems are explained. None of the simulation
models of adult performance include an important role for
procedures other than retrieval, although Baroody (1994)
suggested that procedural solutions are available to adults,
and Siegler (1988b) proposed a multiple-route model to
account for the performance of children. In the present
research, we hypothesized that adults may continue to use
multiple routes to solution, and therefore an analysis of the
selection of procedures would have implications for models
of the solution process.

EVIDENCE ON MULTIPLE SOLUTION ROUTES
IN SIMPLE ARITHMETIC

There are three main sources of support for the view that
adults may use multiple routes to solution in simple multi-
plication. First, children acquire and use a variety of proce-
dures when they solve simple multiplication problems
(Cooney & Ladd, 1992; Cooney, Swanson, & Ladd, 1988;
Lemaire & Siegler, 1995; Siegler, 1988b). For example,
Siegler (1988b) found that children in Grades 2 and 3 used
retrieval on 68% of trials, repeated addition on 22% of
trials, writing the problem on 5% of trials, and counting sets
of objects on 4% of trials. Lemaire and Siegler (1995)
observed similar proportions of procedure use among
French Grade 2 children. Cooney et al. (1988) found that
third and fourth graders retrieved on 55% and 74% of trials,
respectively, and used repeated addition, derived facts (e.g.,
solving 9 X 6 as [10 X 6] - 6), and other procedures (e.g.,
rules) on the remainder. Thus, at least when multiplication
facts are being acquired, multiple routes to solution are
available. It is reasonable to speculate that these alternative-
solution procedures remain available to adults.

The second source of support of the view that multiple

procedures continue to be used in multiplication is the
observation that adults use multiple procedures in addition
and subtraction (Geary et al., 1993; Geary & Wiley, 1991;
LeFevre et al., 1996; Svenson, 1985). LeFevre et al. (1996)
found that adults used retrieval on only 71% of single-digit
addition problems. Counting procedures (e.g., solving 6 + 2
by counting on 7, 8) were used on 9% of trials, and trans-
formations (e.g., solving 8 + 9 as 8 + 8 + 1 ) were used on
17% of trials. More important, because transformations
were used mainly on problems with sums greater than 10,
and because transformation solutions were slower than di-
rect retrieval, the problem-size effect in addition was pri-
marily a consequence of averaging slower transformation
trials with faster retrieval on problems with sums greater
than 10. Thus, LeFevre et al. found that the problem-size
effect was substantially reduced when only retrieval trials
were considered and concluded that purely retrieval-based
models of addition for adults do not adequately capture
performance on simple addition problems.

The third source of support for the view that adults have
multiple routes to solution comes from studies of brain-
damaged adults whose ability to retrieve simple multiplica-
tion facts has been affected. Hittmair-Delazer, Semenza,
and Denes (1994) described a brain-damaged individual
who had lost the ability to retrieve single-digit multiplica-
tion facts other than those with operands of 2, 5, or 10.
Instead, he used elaborate transformation procedures to
reconstruct answers to problems. For example, he solved the
problem 8 X 6 by multiplying 8 X 1 0 , dividing by 2 (to get
8 X 5), then adding 8. This patient had retained consider-
able procedural and conceptual knowledge of arithmetic but
had lost the ability to easily retrieve many facts. Similar
findings have been reported by other researchers studying
arithmetic in brain-damaged patients (e.g., McCloskey, Car-
amazza, & Basili, 1985; Sokol, McCloskey, & Cohen,
1989; Sokol & McCloskey, 1991).

In summary, findings from children and from brain-
damaged adults suggest that alternative procedures are
learned and are available to solve multiplication problems.
The question is whether normal adults ever use these alter-
native approaches to solution. In the present research, this
question was addressed by applying an approach used by
LeFevre et al. (1996) to examine selection of procedures on
simple addition problems (see also Cooney & Ladd, 1992;
Cooney et al., 1988; Siegler, 1988b). We asked university
students to solve each single-digit multiplication problem
and then immediately describe their solution processes. For
each solution, we recorded accuracy, latency, and the par-
ticipant's self-report of the procedure he or she used. Self-
reports provide critical information about the use of specific
procedures that is often not derivable from accuracy and
latency data (LeFevre et al., 1996; Siegler, 1987). Self-
reports are not always veridical indicators of how people
actually solve problems, however, and the instruction to
provide self-reports may alter the solution processes that
people use (Cooney & Ladd, 1992; Russo, Johnson, &
Stephens, 1989). Consequently, we examined latency and
accuracy data to supplement and confirm interpretations
based on self-reports.
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To date, evidence for use of multiple procedures in mul-
tiplication has been limited primarily to children. We hy-
pothesized that adults would also use multiple procedures
and that, as in addition, selection of procedures varies across
individuals and problem characteristics. In the present ex-
periments, we tested two samples of university students
from different institutions, using somewhat different prob-
lem sets and instructions. Procedurally, the main difference
between the two experiments was that the participants in
Experiment 2 completed an arithmetic skill test and a ques-
tionnaire about their experiences, attitudes, and affect con-
cerning mathematics, reading, and writing. Thus, additional
analyses of individual differences were conducted on the
data from Experiment 2. Our goal was to relate participants'
selection of procedures to their beliefs about their own
mathematical skill and to their educational experiences. In
particular, we hypothesized that participants with a low
level of confidence in their mathematical skills are more
likely to use procedures other than retrieval on simple
multiplication problems.

To demonstrate the generality of our conclusions for
understanding performance on simple multiplication prob-
lems, comparisons are made throughout the Results section
between our data and data available from published sources.
Error data were compared to those reported by Campbell
and Oliphant (1992; see also Campbell, 1995) who pre-
sented a breakdown of errors by error type. Latency data
were compared to those reported by Campbell and Graham
(1985) and Miller et al. (1984), because means across prob-
lems were available in appendixes of those articles. These
comparisons are useful in two ways. First, they indicate that
the present data are very similar in overall pattern to those
of previous research. Second, parallel regression analyses of
the various data sets illustrate that inferences about associa-
tive variables based on the present data apply equally well
to earlier studies. Hence, conclusions concerning the form
of the mental representation can be applied across a wide
range of participants and experimental situations.

EXPERIMENTS 1 AND 2

Researchers generally have relied on one of two arith-
metic tasks to examine performance on multiplication prob-
lems: Production tasks require participants to state the an-
swer to a problem (e.g., 6 X 8 = ?; Campbell & Graham,
1985; Miller et al., 1984), whereas verification tasks require
the subject to decide whether the presented equation is valid
by responding true or false (e.g., 4 X 5 = 25; Koshmider &
Ashcraft, 1991; Parkman, 1972; Stazyk et al., 1982). In the
present experiments, we used production rather than verifi-
cation, because the evidence suggests that, in multiplication,
participants may successfully respond to verification prob-
lems without computing an answer (Campbell, 1987b;
Campbell & Tarling, 1996; Zbrodoff & Logan, 1990). In-
stead, participants may use some sort of familiarity judg-
ment to compare the equation to information in memory to
decide if the equation is valid.

Method

Participants

Experiment 1

Sixteen introductory psychology students at the University of
Alberta (8 women, 8 men) participated in this study, in partial
fulfillment of a course requirement. Participants ranged in age
from 18 to 31 years, with a median age of 22.

Experiment 2

Thirty-two introductory psychology students at Carleton Uni-
versity (19 men, 13 women) participated in this study in partial
fulfillment of a course requirement. The data of one male student
was lost due to a computer error. Participants ranged in age from
18 to 45 years, with a median age of 21.

Materials

Experiment 1

Participants solved the 100 multiplication problems defined by
the combination of all single-digit (0-9) multiplicands and multi-
pliers. Four problem sets were created, and within each set prob-
lems with ordered unsystematically with the constraints that no
multiplicand, multiplier, or product be repeated on consecutive
trials and that no problem and its inverse (e.g., 2 x 3 and 3 X 2 )
appear in the same half of the problem set. Sex and set were
counterbalanced across participants.

Experiment 2

Multiplication problems. The set of multiplication problems
included all possible combinations of single-digit integers from
1 X 1 to 9 X 9 (n = 81), plus the problem 0 X 0 and a random
selection of nine of the remaining zero problems (i.e., 0 X n and
n X 0). Thus, each subject solved 91 multiplication problems.
Order of the problems in the list was counterbalanced such that if
a question was presented in the first half of the list (e.g., 3 X 4),
its inverse was in the second half (e.g., 4 X 3). Two separate lists
were created; one the reverse of the other. Sex and set were
counterbalanced across participants.

Skill test. As a measure of arithmetic fluency, participants
completed both the addition and the subtraction-multiplication
subtests of the French Kit (French, Ekstrom, & Price, 1963). Each
subtest consists of two pages of problems for a total of four pages.
All participants were given 2 min per page and were instructed to
solve the problems as quickly and accurately as possible. Number
correct on each of the addition and subtraction-multiplication tests
were summed to yield a total fluency score.

Language and mathematics skills questionnaire. Following the
arithmetic tasks, participants completed a brief questionnaire (see
also LeFevre, Kulak, & Heymans, 1992) designed to assess their
experiences, attitudes, and affect concerning mathematics, reading,
and writing. Participants were asked to provide their university
major and to rate their skill levels and affect with respect to
reading, writing, and mathematics on 7-point scales, with 1 indi-
cating negative affect, or low perceived skill, and 7 indicating
positive affect, or high perceived skill. For example, participants
rated their skill in basic mathematics, their skill in complex math-
ematics (e.g., algebra, calculus), their avoidance of situations in-
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volving mathematics, and their nervousness in situations involving
mathematics. These four ratings for each of mathematics, reading,
and writing were averaged to give an affective score for each
domain, where larger scores indicated more positive affect. Par-
ticipants were also asked to consider the importance of computers,
mathematics, and language skills in the development of their
careers and to rate the perceived difficulty of mathematics and
English in high school and the emphasis on learning basic arith-
metic facts in elementary school.

Procedure

Experiment 1

Each participant was tested in an individual session lasting less
than 1 hr. Before the session began, the participant was told that
the purpose of the study was to determine what sorts of procedures
adults use for solving simple multiplication problems. The exper-
imenter indicated that arithmetic problems can be solved in a
variety of ways, gave an example problem, and described a variety
of possible procedures. Participants were told that each trial con-
sisted of two parts: First, they were to solve the multiplication
problem as quickly and accurately as possible, and second, they
were to describe how they solved the problem. Participants were
reminded that people solve problems in a variety of ways and were
encouraged to report their own solution procedures. Ten practice
problems were presented, participants were reminded to answer as
quickly and accurately as possible, and then the 100 experimental
trials were presented. If the participant felt uncomfortable with the
procedure, the 10 practice trials could be repeated. The practice
problems for each of the four lists were randomly selected from the
problems in the second half of that list. A short break was allowed
after the first 50 problems.

Problems were presented on a video monitor controlled by a
microcomputer. Vocal responses were collected by a voice-
activated relay that triggered a millisecond timer. Participants
initiated each trial by saying "go" after a fixation point (an aster-
isk) appeared on the computer screen. Following a 100-ms tone
and a 700-ms blank interval, the problem appeared and timing was
initiated. When presented at a distance of 0.6 m, the problem
subtended a visual angle of 33° vertically and 1.15° horizontally.
The participant's vocal response activated a voice key. Each dis-
tinct latency was counted and recorded in order to decrease the
number of spoiled trials. In the few cases where the participant
made more than one response (e.g., coughed before responding),
the experimenter keyed in the count for the intended response and
the corresponding latency was recorded. If no vocal response was
detected within 10 s, the trial was terminated. Following the
response, the cue "Remember or Strategy?" appeared on the
screen, prompting participants to describe the procedure that they
used.

Experiment 2

The procedure on multiplication trials that was used in Exper-
iment 2 was identical to that used in Experiment 1, with the
exception that participants pressed a key to begin a trial, rather
than saying "go." The participant's vocal responses activated a
voice key, and the response latency was recorded by the computer.
In contrast to Experiment 1, only the first distinct latency was
recorded, resulting in a slightly higher number of invalid trials.
Also, the maximum allowed time on each trial was 5 s, rather than
10 s. The experimenter keyed in the responses and indicated

invalid or spoiled trials. Following the response, the cue "Remem-
ber or Strategy?" appeared on the screen to prompt participants to
report the procedure that they used.

After the computer trials, participants completed the addition
and subtraction-multiplication tests and the questionnaire. Com-
pletion of these tasks required approximately 15 min.

Coding of Solution Procedures

In both experiments, procedures were coded on-line by the
experimenter according to previously defined categories. Re-
sponses were classified as retrieval when participants claimed that
they remembered the answer, "just knew it," or solved the problem
"from memory," and there was no evidence of overt calculations.
Rules were algorithms particular to problems with operands of 0 or
1, specifically, n X 0 = 0 and n X 1 = n. For example, "I know
that anything times 0 is always 0." Descriptions of all other
responses were recorded by the experimenter and subsequently
receded by the first author. Derived-fact procedures involved the
use of known arithmetic facts to derive solutions, for example, for
the problem 6 X 7 , "I know that 6 X 6 = 36 so another 6 makes
42." Repeated-addition procedures involved adding an operand the
appropriate number of times, for example, adding 5 + 5 to solve
5 X 2 . Number-series solutions involved using a memorized string
to produce the answer, for example, solving 5 X 7 by counting "5,
10, 15, 20, 25, 30, 35." Nines rules were algorithms particular to
nine-times problems. For example, "If you have a number times
nine, you take one less than that number and it's the first digit. The
second digit is 9 minus the first digit. Now you have your an-
swer."1 Other procedures did not conform to the above categories,
for example, "I know 6 X 4 = 24 because it rhymes" or "I
guessed." Unclassified procedures were trials on which the partic-
ipant's self-report was insufficient to determine category member-
ship based solely on the information entered at the time of solution.

Results and Discussion

Analyses of the data are grouped into four major sections.
In the first section, we discuss the patterns of errors and
latencies on the complete set of data. The main purpose of
this section is to illustrate that the patterns observed were
very similar to those in other studies. In particular, patterns
of errors and the effects of problem size, ties, and 5-operand
problems identified in previous research were replicated.
Throughout this article, we discuss results for 0- and 1-
operand problems separately in order to facilitate compari-
sons with previous research. In the second section, we
describe the pattern of procedure selection across individu-
als and across problem types in order to determine if non-
retrieval procedures are used by skilled adults. In the third
section, we examine the specific predictions of the various
models outlined in the introduction and use regression anal-
yses of latencies to show that multiple-procedure models are
necessary to account for performance on all trials and that
latencies on retrieval trials are predicted better by a psycho-

1 Another form of this nines rule involves the use of the indi-
vidual's fingers. For 6 X 9 , hold out all 10 fingers, then fold down
the 6th finger from the left. The two digits of the correct answer are
made up of the number of fingers preceding the folded one (e.g.,
5) and the number after the folded finger (e.g., 4).
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logically plausible set of associative variables than by struc-
tural variables. Finally, in the fourth section, we examine
individual differences in performance to extend our conclu-
sions about the importance of procedure selection in under-
standing patterns of results across participants.

Patterns of Errors and Latencies

Errors

In Experiments 1 and 2, respectively, 1% and 2% of trials
were invalid because of premature triggering of the voice
key or experimenter error. These trials were excluded from
the analyses. On a further 2% of valid trials in Experiment
2, participants failed to respond before the 5-s deadline had
elapsed. Responses on these slow trials were included in
analyses of errors and procedures but excluded from anal-
yses of latencies. In Experiment 1, 1 participant on one trial
failed to respond before the 10-s deadline had elapsed, and
1 % of trials required more than 5 s for solution.

The error rate was low in both experiments. Participants
made errors on 2% and 4% of the valid trials in Experiments
1 and 2, respectively. These error rates are similar to those
reported by Miller et al. (1984; also 2% on a set that
included 0- and 1-operand problems). On standard trials
(i.e., omitting 0- and 1-operand problems), the error rates
were 3% and 5% in Experiments 1 and 2, respectively.
Campbell (1995) and Campbell and Graham (1985) re-
ported somewhat higher error rates of 8% and 8%, respec-
tively, on standard problems.

In general, few errors were made on problems with op-
erands of 0 or 1 (0.4% and 1.4% in Experiments 1 and 2,
respectively). All of the errors on these problems involved
responding with the other operand (i.e., 4 X 0 = 4). Errors
on 0-operand problems constituted 7% and 11% of the
errors in Experiments 1 and 2, respectively; only one error
was made on a 1-operand problem (in Experiment 2). Errors
on 0-operand problems (e.g., 5 X 0 = 5) may represent
operation errors to well-learned addition facts, or they may
represent the application of the wrong zero rule (i.e., the
addition rule instead of the multiplication rule). In support
of the latter possibility, on 9 of the 14 error trials involving
0-operand problems, participants claimed that they had used
the zero rule but then said the wrong number "by mistake"
or that they had used the "wrong rule."

The majority of errors were on standard problems and
showed typical effects of problem size. Across experiments,
errors were much more frequent on larger than on smaller
problems: 45% of errors occurred on problems with prod-
ucts greater than 40, even though these problems represent
only 17% of the problem set. In contrast, only 21% of the
errors occurred on problems with products less than 21 (i.e.,
57% of the problem set), and the majority of these (73%)
were addition-intrusion (i.e., operation and zero-addend)
errors.

To examine whether error patterns replicated those in
previous research, errors on standard trials were categorized
as follows (Campbell, 1995): Operand-related errors shared

an operand with the correct answer (e.g., 9 X 4 = 27),
operand-unrelated errors were other products that did not
share an operand with the correct answer (e.g., 9 X 3 = 28),
operation errors were correct for some other operation (e.g.,
4 X 4 = 8), operand-naming errors occurred when partic-
ipants simply stated one or both of the operands (e.g., 4 X
8 = 48), and nontable errors were responses that were not
possible multiplication products (e.g., 6 X 4 = 26).

As expected, operand-related errors were the most fre-
quent, constituting 76% and 73% of errors on standard trials
in Experiments 1 and 2, respectively. These error frequen-
cies are consistent with the 72% operand-related errors
reported by Campbell (1995). Operand-unrelated errors
were next most frequent (7% and 13% in Experiments 1 and
2, respectively, vs. 12% in Campbell, 1995). Operation
errors occurred on 7% and 6%, respectively, of trials (6% in
Campbell, 1995).2 The remaining errors included operand-
naming errors (4% and 1% in Experiments 1 and 2, respec-
tively, 2% in Campbell, 1995) and nontable errors (7%, 5%,
and 8%, respectively).

In summary, errors in the current studies were very sim-
ilar in distribution and kind to those reported in other
multiplication studies (Campbell, 1995; Campbell & Gra-
ham, 1985; Miller et al., 1984), in support of the view that
self-reports of procedure use did not influence the pattern of
performance on these problems.

Latencies

Problems with operands of 0 or I. Consistent with pre-
vious research (Miller et al., 1984), participants solved
problems with operands of 0 or 1 quickly (763 and 757 ms,
respectively, in Experiment 1; 962 and 969 ms, respec-
tively, in Experiment 2). Regardless of whether the
source of the latency advantage on 0- and 1-operand prob-
lems represents fast rule use or fast retrieval, the large
quantitative difference in latencies between these problems
and the remaining (standard) problems and the finding that
some participants use a rule on many of these problems
have implications for analyses of the problem-size effect.
Most critically, the inclusion of these problems in a regres-
sion will increase estimates of the magnitude of the
problem-size effect. In Experiment 1, for example, when
latencies were regressed on product, r2 was .62 for all
problems versus .42 for standard problems. Similarly,
Miller et al. (1984) found that r2 was .64 when problems
with operands of 0 or 1 were included, which decreased to
.22 when only standard problems were considered. Thus, to
the extent that participants are not using retrieval on these
problems, attempting to account for data that includes prob-

2 In the present experiments, there were eight operation errors on
standard problems; four involved a 2-operand problem (e.g., 2 x
6 = 8), and four occurred on ties (e.g., 5 X 5 = 10). These findings
are consistent with the view that operation errors are a result of the
intrusion of the most automatic addition facts and are not generally
characteristic of multiplication errors (Aubrun & Seron, 1994; cf.
Miller & Paredes, 1990; Miller et al., 1984).
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lems with operands of 0 or 1 within a retrieval model is
likely to lead to distorted models.

Standard problems. To compare performance on the 64
standard problems (i.e., problems with both operands
greater than 1) with that reported in other studies, we
calculated a mean latency for each problem, averaging
across participants, for each experiment (see Appendix). As
shown in Table 1 (and Figure 1), the major empirical effects
of problem size, ties, and 5-operand problems were repli-
cated. For standard problems, latencies increased substan-
tially with product, as indicated by the slope values, and the
amount of variance accounted for by product was similar in
the present experiments (see the columns labeled "All stan-
dard trials" in Table 1) to that in two previous studies.3 In
all four studies, ties were solved more quickly than 5-
operand problems, which in turn were solved more quickly
than regular problems (i.e., standard problems excluding
ties and 5-operand problems). Thus, in both experiments,
general patterns of data were entirely consistent with the
literature.4

Slope values index (in millisecond units) the increase in
latencies associated with increases in problem size and can
thus be compared directly across problem categories. As
shown in Table 1, our participants showed typical patterns
of slope differences between ties and regular problems: The
problem-size effect on ties is considerably smaller than that
on the remaining problems, a difference that is also evident
in Figure 1.

Summary

In summary, analyses of errors and latencies indicate that,
in both experiments, the pattern of performance as indexed
by the structural variables of problem size, ties, and 5-
operand problems were very similar to those found in other
studies. Thus, having participants report their procedures on
a trial-by-trial basis did not alter the typical pattern of data
on simple multiplication problems.

The main difference between the present results and those
reported for other production studies in the literature appears to
be that our participants responded somewhat more slowly, on
average, than those of Campbell and Oliphant (1992; mean
latency of 982 ms), Campbell and Graham (1985), or Miller et
al. (1984; see Table 1) and also showed larger slopes for
latencies regressed on product. In contrast, the amount of
variance in latencies accounted for by product was quite
similar to those in previous studies. The longer latencies in
the present studies may be due to a number of factors.

First, our procedure appeared to encourage accuracy over
speed as compared to other studies in the literature. For
example, LeFevre and Liu (1995) found that a sample of
Canadian graduate students showed very similar perfor-
mance to the participants in the present experiments (i.e.,
M = latency was 1,186 ms on the complete data set vs.
1,122 ms and 1,212 ms in Experiments 1 and 2, respective-
ly). These individuals did not report their solution proce-
dures, but they were given feedback on accuracy after each
trial. Thus, we suspect that an emphasis on accuracy rather

than speed (cf. Campbell, 1994,1995; Campbell & Graham,
1985) could account for the latency differences across stud-
ies. Second, instructing participants to report their proce-
dures may have encouraged a conservative approach to
solution, given that it would be uncomfortable to explain a
large number of errors to the experimenter. Finally, we did
not "trim" the data by using medians (i.e., Miller et al.'s
participants solved each problem four times, and a median
solution latency was calculated) or by deleting outliers
(Campbell & Graham, 1985). In many cases, potential out-
liers occurred on nonretrieval trials and thus were not due to
irrelevant error.

In contrast to the comparisons discussed above, latencies
in the present studies were similar to those reported by
Zbrodoff and Logan (1990; M = 1,323 ms, 0-operand
problems omitted). The procedure used by Zbrodoff and
Logan (1990) was somewhat unusual in that participants
pressed a button as they responded verbally with the answer
to the problem. Although it is possible that this procedure
increased latencies to some degree, it is unlikely to have
increased them sufficiently to explain the discrepancies
between their data and those reported by Miller et al. (1984)
or Campbell (Campbell, 1995; Campbell & Graham, 1985),
because performance on addition problems using the same
procedure averaged only 905 ms. Further, in recent word
naming experiments using a verbal response in combination
with button pressing, Lichacz and Herdman (1994) found
that the button-pressing latencies were as fast or faster than
vocal responses. Thus, the relatively slow latencies reported
by Zbrodoff and Logan are unlikely to be caused by the
button-pressing procedure. Rather, as in the present studies,
Zbrodoff and Logan's participants were randomly selected
undergraduate volunteers, and they were not instructed to
respond quickly. Thus, latencies in the present experiments
are reasonable estimates of performance under conditions in
which accuracy is salient. The replication of very similar
latencies across two studies with different equipment and
different populations supports this conclusion. The stress on
accuracy is probably similar to that inherent in many real-
world arithmetic tasks (e.g., balancing a checkbook; getting
the correct change). More generally, the present experi-

3 The r2 values computed on aggregated data represent the
proportion of variance in the mean latencies accounted for by a
linear relation between latency and product and ignore all vari-
ability due to individuals (R. F. Lorch, personal communication,
March 15,1995). Consequently, r2 values computed in this manner
are likely to be greater than r2 values computed for individual
participants and are not useful for exploring the role of individual
differences in performance. Because aggregated data have been
presented in most published studies and because analyses of indi-
vidual participants generally led to similar conclusions, analyses of
aggregated data are highlighted in the present research.

4 The slope values were smaller in Experiment 2 than in Exper-
iment 1 and the latencies on the largest problems were shorter (see
Figure 1). One possible reason for this difference is that a 5-s time
limit was used on each trial in Experiment 2 (vs. 10 s in Experi-
ment 1). This early deadline reduced the number of very slow trials
in the analysis and may have put some speed pressure on the
slowest participants.



292 LEFEVRE ET AL.

Table 1
Mean Latencies (in Milliseconds), r2

Product) for Standard Problems
Values, and Slopes (Latencies Regressed on

Experiment 1

Problem group n
All standard

trials
Retrieval
trials only

Experiment 2

All standard
trials

Retrieval
trials only

Campbell &
Graham Miller et al.
(1985) (1984)

Mean latencies
Standard
Regular
5-operand
Ties

Standard
Regular
5-operand
Ties

Standard
Regular
5-operand
Ties

64
42
14
8

64
42
14
8

64
42
14
8

1,335
1,453
1,132
1,068

.42*

.64*

.55*

.43"

14.4
19.3
11.8
3.4

1,228
1,317
1,074
1,028

.33*

.46*

.45*

.69*

9.9
12.6
8.5
4.4

1,340
1,416
1,217
1,157

r2

.30*

.50*

.38*

.06

Slopes
7.7

10.2
8.3
1.7

1,258
1,313
1,164
1,136

.14*

.23*

.08

.09

3.4
5.3
3.2
1.8

826
854
797
730

.36*

.55*

.81*

.40"

3.0
3.6
5.1
1.2

835
860
796
775

.22*

.32*

.26a

.23

2.3
2.7
2.6
1.3

Note. Regular problems include standard problems that are not ties and do not have 5 as an
operand, n = the number of problems in each set.
a Marginally significant at p < .10.
*p < .05.

ments suggest that variability in factors such as instructions
(accuracy vs. speed), in the skill levels of participants in the
sample, and in task demands (i.e., to report procedures) may
have effects on the speed with which participants respond.
These factors appear to have relatively little influence, how-
ever, on the overall pattern of performance.

Selection of Procedures

In this section, we used participants' self-reports to examine
the frequency and distribution of nonretrieval processing. Se-
lection of procedures varied both with problem characteristics
and across individuals. More important, however, patterns of
latencies were consistent with self-reports. The percentage use
of each procedure, mean latency on correct trials, and percent-
age errors are shown in Table 2 for standard problems, and
results for problems with operands of 0 and 1 are discussed
below. As expected, retrieval was the most frequently reported
procedure in both experiments. Nonretrieval procedures were
reported, however, on approximately 12% and 19% of stan-
dard trials in Experiments 1 and 2, respectively (17% and 32%
of trials in Experiments 1 and 2, respectively, when 0- and
1-operand problems were included).

Selection of Procedures on Problems With Operands
of 0 and 1

On 0- and 1-operand problems, only two procedures were
reported: retrieval or the use of a rule. Retrieval was re-
ported on 69% and 31 % of 0-operand problems in Experi-
ments 1 and 2 respectively and on 78% and 42% of 1-

operand problems. Thus, the discrepancy across experi-
ments in percentage use of nonretrieval procedures was
largely due to differences in the frequency of use of rules
versus retrieval on 0- and 1-operand problems. On 0-oper-
and problems, 31% of participants in Experiment 1 reported
using the zero rule consistently (i.e., 14 or more of 19
problems) as compared to 65% of participants in Experi-
ment 2 (i.e., 8 or more of 10 problems), ;p(l, N = 47) =
4.68, p < .05. On 1-operand problems, 13% of participants
in Experiment 1 reported using the ones rule consistently
(i.e., at least 15 of the 17 problems) as compared to 48% of
participants in Experiment 2, ^(1, N = 47) = 5.92, p <
.05. More important, participants who did not report using a
rule typically reported consistent use of retrieval on 0- and
1-operand problems (62% and 26% for 0-operand problems
in Experiments 1 and 2; 75% and 35% for 1-operand prob-
lems). Thus, although selection of rules on 0- and 1-operand
problems was more common in Experiment 2 than in Ex-
periment 1, participants in both experiments typically were
consistent in their solutions, reporting either rule use or
retrieval. Furthermore, latencies to use rules versus retrieval on
these problems were not significantly different. In conclusion,
both rule use and retrieval appear to result in fast and efficient
performance on problems with operands of 0 or 1.

Selection of Procedures on Standard
Problems: Retrieval

On standard problems, participants reported using proce-
dures other than retrieval more frequently in Experiment 2
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Figure 1. Mean solution latencies, collapsed across participants,
for each problem as a function of product in Experiment 1 (top
panel) and Experiment 2 (bottom panel). T represents tie problems
(e.g., 6 X 6), 5 represents 5-operand problems (i.e., 5 X n and
n X 5), and R represents the remaining "regular" problems. The
dotted line represents the regression of product on latencies for tie
problems, the dashed line for 5-operand problems, and the solid
line for regular problems.

than in Experiment 1 (19% vs. 12%; see Table 2), but this
difference was not statistically significant. In both experi-

ments, the various nonretrieval procedures (i.e., repeated-
addition, number-series, and derived-fact solutions) were
slower than retrieval; use of derived facts was particularly
slow. Thus, use of procedures other than retrieval clearly
could have consequences for mean latencies on these mul-
tiplication problems.

As shown in Table 3, selection of procedures varied
considerably across participants. Retrieval was reported by
all participants, but the percentage use of retrieval on stan-
dard trials varied from 23% to 100% across individuals. In
contrast to the assumption that adults always use retrieval
on these simple multiplication problems (e.g., Ashcraft,
1992; Siegler, 1988b), only 28% of the participants (across
the two experiments) reported using retrieval on all standard
trials. Forty percent of participants reported using one or
two procedures other than retrieval, and 32% reported using
three or more procedures other than retrieval. Siegler
(1988b) found that retrieval was less error-prone than pro-
cedural solutions for young children. Similarly, in the
present research, participants were less likely to err on
retrieval trials than on nonretrieval trials (2% vs. 5% in
Experiment 1, 4% vs. 8% in Experiment 2). It appears that
differences in accuracy on retrieval versus nonretrieval so-
lutions persist among adults, although adults have had more
practice with both retrieval and multiple-step solutions and
thus are generally less likely to make errors than are
children.

The percentage use of retrieval on each standard problem
was calculated by dividing the total number of retrieval
instances by the number of valid solutions for that problem
and multiplying by 100 for each experiment. Percentage use
of retrieval on each problem was consistent between the two
experiments, r(62) = .68, p < .001, and in each experiment,
correlated with product, r(62) = -.48 and -.46 for Exper-
iments 1 and 2, ps < .01. Because there was substantial
consistency in the reported use of retrieval across experi-
ments, we calculated a composite measure of retrieval use
by summing the frequencies of retrieval for each problem
across experiments and subsequently deriving percentages
(see Appendix). This measure is used as an index of asso-
ciative strength in the regressions reported below.

Table 2
Use, Latency, and Accuracy for Each Procedure (Standard Problems)

Experiment 1 (1,013 trials) Experiment 2 (1,925 trials)

Procedure

Retrieval
Derived fact
Number series
Repeated addition
Other
Nines rule
Unclassifiable

% use

87.9
5.6
2.5
2.2
1.1
0.6
0.1

RT (ms)

1,200
3,097
1,681
1,238
2,176
1,100
2,333

% error

2.5
7.0
0.0
4.5

25.0
0.0
0.0

% use

80.7
6.4
4.5
3.8
2.3
1.6
0.6

RT(ms)

1,227
2,217
1,775
1,170
1,450
1,720
2,202

% error

4.3
8.1
5.8
0.0

24.5
6.7

27.3

% slow*

1.0
12.1
5.8
0.0
2.0
0.0

18.2
Note. Mean latencies include correct trials only. Standard problems include the 64 problems with
both operands greater than 1. RT = reaction time.
a Percentage of trials that were not solved before the 5-s deadline had expired.
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Table 3
Individual Variability in Selection of Procedures

Experiment 1
(B = 16)

Experiment 2
(n = 31)

%of
Uses"

%of
Uses"

Procedure participants" M SD participants" M SD

Retrieval
Ones rule
Zero rule
Derived fact
Number series
Repeated addition
Other
Nines rule

100
25
38
56
19
38
31
6

81.8 19.5
14.2 2.1
15.7 5.8
6.3 6.3
7.0 5.0
3.7 3.3
2.4 2.6
6.0 0.0

100
71
77
58
32
32
45
13

60.3 19.9
13.6 4.6
8.8 2.3
6.9 5.4
8.6 10.3
7.5 4.0
3.5 2.8
7.5 0.6

" The percentage of participants who used the procedure at least
once. b Mean number of problems on which a procedure was
used. The maximum was 100 in Experiment 1 (91 in Experiment
2) for most procedures, 17 (17) for the ones rules, 19 (10) for the
zero rule, and 15 (15) for the nines rule. Means were calculated
only from the data of participants who used the procedure.

Selection of Procedures on Standard
Problems: Nonretrieval

The close relation between selection of particular proce-
dures and problem characteristics supports the view that
procedure reports were veridical. To illustrate, the percent-
age use of each of repeated-addition, number-series, and
derived-fact procedures on standard problems is shown in
Figure 2 as a function of operand families (see Campbell,
1994, 1995; Campbell & Graham, 1985). In this presenta-
tion of the data, each problem occurs twice (e.g., 2 X 9
appears in both the 2-operand and 9-operand families). As
described in detail below, use of these nonretrieval proce-
dures was directly tied to problem characteristics.

Repeated addition. Repeated addition was a fast and
accurate procedure (see Table 2). As shown in Figure 2,
repeated addition was used primarily on problems with
operands of 2 (e.g., 2 X 6 solved as 6 + 6). This conversion
of a multiplication problem to a tie-addition problem con-
stituted 86% and 83% of repeated addition solutions in
Experiments 1 and 2, respectively. Siegler (1988b) reported
that repeated addition was the main backup procedure used
by children in Grades 3 and 4 and hypothesized that no
substantial changes in backup procedures would occur be-
tween learning and adulthood. Clearly, however, other
backup procedures supersede repeated addition on larger
problems (Cooney & Ladd, 1992; Cooney et al., 1988).

Number series. As shown in Figure 2, number-series
procedures were most often used on problems with oper-
ands of 3 or 5. In both experiments, when participants used
number-series solutions on 5-operand problems, they
counted using the five string (i.e., 5, 10, 15...). On other
problems, they counted by the minimum number of counts
required; for example, 4 X 3 was solved as 4, 8, 12, not as
3, 6, 9, 12. Thus, as for repeated addition, there are strong

connections between problem families and selection of pro-
cedures for individual participants.5

Analyses of latencies on number-series trials supports the
validity of procedure reports on these problems. If self-
reports are veridical, then latencies should increase as a
function of the number of counts required. For example,
solution of 3 X 5 requires three counts (5, 10, 15), whereas
a number-series solution of 5 X 6 requires 6 counts (5, 10,
15, 20, 25, 30). For the 10 participants in Experiment 2 who
reported using number-series solutions, latencies on
number-series trials were regressed on the number of
counts.6 As expected, latencies increased with the number
of counts, r(74) = .32, p < .01. The estimated increase in
latency of 145 ms per count was consistent with the view
that an incremental process was occurring.7 Furthermore,
latencies on retrieval trials for the same 10 participants did
not increase as a function of number of counts, r(369) =
.02, ns. These analyses indicate that latencies were quite
consistent with self-reports of procedure use for individual
participants and support the view that procedure reports of
nonretrieval solutions are veridical.

Derived facts. Cooney and Ladd (1992; see also Cooney
et al., 1988) refer to derived-fact procedures as "mixed"
solutions, because they involve a retrieval plus an adjust-
ment (either addition or subtraction). For example, the prob-
lem 8 X 7 can be solved by retrieving 7 X 7 (i.e., the base
fact), then adding 7 to 49 to get the final answer. Partici-
pants in the present study also reported another derived-fact
procedure in which they decomposed one of the operands.
For example, 4 X 9 can be solved as 2 X 9 X 2. Decom-
position typically involved retrieval of a 2- or 3-operand
fact, plus a further multiplication that is not part of the
standard multiplication table (patient B. E. described by
Hittmair-Delazer et al., 1994 also used decomposition). The
critical feature of both types of derived-fact procedures is
that participants solved a multiplication problem other than

5 In Experiment 1, 3 participants reported using number series.
Two participants were frequent users, reporting the procedure on
12 and 11 trials respectively. The 3rd individual used the proce-
dure on only 2 trials. In Experiment 2, participants were even more
strongly polarized. There were 7 infrequent users, who reported
the procedure on an average of 2.4 trials. Another 3 individuals
reported number-series procedures on an average of 23.0 trials. In
both experiments, the infrequent users mainly reported number
series on 5-operand problems (79% of total uses). In contrast, the
frequent users applied number series to a variety of different
problems; 32% of uses were on 5-operand problems, and 61%
were on problems with operands of 2, 3, or 4. For these frequent
users, number-series solutions appeared to represent an important
solution procedure for problems with minimum operands of 5 or
less.

6 Data from Experiment 1 were not analyzed because only 25
trials in total were available (from 3 participants) and the trials
were unevenly distributed across the number of counts.

7 When 1 individual who responded very quickly was omitted
from the analysis, the estimated increment was 201 ms, which is
similar to estimates of internal counting speed from other studies
(LeFevre et al., 1996).
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Figure 2. Percentage use of each nonretrieval procedure in Ex-
periment 1 (top panel) and Experiment 2 (bottom panel) by oper-
and families.

the one that was presented and then performed additional
processing to reach the final answer.

Derived-fact solutions were used by a majority of partic-
ipants in both experiments at least once, as shown in Table
3. The majority of uses (65% and 56% in Experiments 1 and
2, respectively) occurred on the problems that have products
greater than 40. As shown in Figure 2, participants most
frequently reported using derived-fact solutions on prob-
lems with operands of 6 or larger. Decomposition solutions
were most frequently reported for problems with operands
of 4 (i.e., 50% and 80% of reported decomposition solutions
in Experiments 1 and 2, respectively).

Derived-fact solutions presumably involve both retrieval
and some additional operation and thus would be expected
to be slower and less accurate than retrieval.8 In support of
this hypothesis, latencies and error rates on derived-fact
trials were two and three times greater than those on re-
trieval trials (Experiment 2 and 1, respectively; see Table 2).
Participants did not, however, appear to choose derived-fact
solutions randomly as explanations for relatively long la-
tencies. Participants reported derived-fact solutions that in-

volved the easiest (i.e., most likely to be retrieved) base
facts such as ties (20% of derived-fact solutions), 10-
operand facts (22%), and 5-operand facts (15%). A further
40% of base facts had minimum operands of 2, 3, or 4. In
support of the view that base facts came from among the
"easiest" facts, the frequency with which each individual
problem was reported as a base fact was correlated with the
probability of retrieval for that fact, r(62) = .26, p < .05,
and with frequency of presentation as reported by Ashcraft
and Christy (1995), r(62) = -.32, p < .05.9 Thus, the
distribution of base facts reported in derived-fact procedures
supports the view that participants accurately reported their
nonretrieval solutions.

Selection of Procedures: Summary

Two conclusions are consistent with the findings on se-
lection of procedures. First, it is clear that multiple proce-
dures were available and were often used by adults solving
these simple multiplication problems. Second, the pattern of
procedure reports and performance as indexed by latencies
and errors supports the view that these reports were veridi-
cal reflections of participants' mental processes. Selection
of procedures was remarkably consistent across experi-
ments (see also Cooney & Ladd, 1992) and across problem
categories. Thus, as predicted by Siegler and Shipley
(1995), selection of procedures was not random, but was
systematically related to problem characteristics.

Regression Analyses of Latencies

LeFevre et al. (1996) found that, for addition, the
problem-size effect could be attributed largely to averaging
across retrieval and nonretrieval trials on larger problems. In
the present research, the influence of nonretrieval proce-
dures on the problem-size effect was examined by regress-
ing latencies on product separately for retrieval trials and
nonretrieval trials. As shown in Figure 3, the slopes for
product on retrieval and nonretrieval trials were substan-
tially different. In both experiments, slope values on regular
and 5-operand problems were reduced considerably when
nonretrieval trials were eliminated (see Table I).10 Never-

8 Although the latencies on derived-fact solutions appear to be
faster in Experiment 2 than in Experiment 1 (see Table 3), the 5-s
deadline resulted in the loss of a significant number of latencies
(i.e., 13% of correct derived-fact trials). Thus, the mean solution
latency for derived-fact procedures in Experiment 1 is likely to be
more representative than that in Experiment 2.

'These analyses omitted the 10-operand base facts because
these problems had not been included in the problem set.

10 To examine the statistical significance of product slopes on all
standard trials and on retrieval trials, individual regressions were
computed for each participant (Lorch & Myers, 1990). Individual
regressions were not calculated for nonretrieval trials because
many of the participants used nonretrieval procedures on only a
few trials. In Experiment 1, the mean slope value for product was
14.4 (SD = 11.2) on all trials and 9.2 (SD = 6.5) on retrieval trials,
ps < .01. In Experiment 2, the mean slope for product was 7.9 on
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Figure 3. Mean solution latencies on memory retrieval (M) and nonretrieval (O) trials in Exper-
iment 1 (top panel) and Experiment 2 (bottom panel) by product. Slope values (calculated on all data
points) for each regression line are indicated. Ties were not included because they were rarely solved
by procedures other than retrieval.

theless, the product slope on retrieval trials is still statisti-
cally significant. Thus, although the problem-size effect is
exaggerated by the presence of nonretrieval trials, it is not
eliminated when only retrieval trials are considered.

Three classes of models of multiplication performance
were described in the introduction; structural models,
learning-based models, and multiple-procedure models. The
present results suggest that retrieval is not the only proce-
dure used by adults and hence that some form of a multiple-
procedure model is required to account for performance.

all trials (SD = 8.6) and 5.0 (SD = 7.4) on retrieval trials, ps <
.01. Thus, in both experiments, slopes were reduced on retrieval
trials but continued to be reliable across both participants and
problems.

Latencies on trials that are averaged across procedures
therefore represent a mixture of retrieval and nonretrieval
trials (see also Siegler, 1988b). Because the majority of
trials for these adults did involve retrieval, however, exam-
ination of the pattern of results on all trials versus retrieval
trials is of some interest. Below, we examine the relative
contribution of various measures of network structure to
predicting latencies on all trials and on retrieval trials.

According to structural models of multiplication (e.g.,
Campbell, 1995; Campbell & Oliphant, 1992; Widaman &
Little, 1992), numerical indices calculated from the oper-
ands are assumed to be direct indices of cognitive process-
ing. The most commonly used structural index is the prod-
uct of the operands (Miller et al., 1984; Widaman & Little,
1992; cf. Campbell, 1995). In a variety of studies however,
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predictors that are assumed to index the associative relations
between problems and answers have been shown to be
better predictors of latencies than product (or other struc-
tural variables) for both children and adults (Campbell &
Graham, 1985; Koshmider & Ashcraft, 1991; Siegler,
1988b). Various measures of associative strength have been
formulated. Siegler (1988b) used the accuracy with which
Grade 3 students retrieved answers in a speeded task as an
index of associative strength for adults and found that this
measure accounted for all of the variance in latencies asso-
ciated with product for Campbell and Graham's (1985) data.
Product continued to predict a small amount of independent
variance, however, for the data reported by Miller et al.
(1984). Similarly, Koshmider and Ashcraft (1991) found
that normative variables (including Siegler's measure of
associative strength and measures of frequency of presen-
tation) accounted for significant variance in latencies on
verification problems and that the structural predictors did
not predict significant unique variance for adults or for
children. Campbell and Graham (1985) used problem- and
product-error rates as indices of associative strength. Al-
though they also found that these associative factors pre-
dicted significant variance, structural variables such as
sum and ties continued to account for unique variance in
latencies.

The inconsistencies across studies in whether structural
variables continue to predict latencies may be due in part to
the variability in the associative measures. Each associative
measure is only an indirect index of the true associative
strength values. In Siegler's model (1988b), the relation
between selection of procedures and retrieval latency occurs
because the distribution of associations for retrieval trials is
shaped by two factors: (a) the frequency of presentation of
the individual problems and (b) the results of performance
on nonretrieval trials. These nonretrieval procedures are
more likely to be executed incorrectly on larger problems
and hence those problems have less peaked distributions,
that is, more variable patterns of association between the
problem and potential answers. We used the percentage use
of retrieval for each problem (summed over experiments) as
the primary index of associative strength (see Appendix)
because the associative strength for problem-answer pairs
should be related to the extent that retrieval is used on those
problems. This measure may be a particularly useful index
because it should be more closely tied to adult performance
than that used by Siegler (1988b) and has a direct interpre-
tation within Siegler's model. Two additional measures
were included as supplementary indices of associative
strength, on the assumption that they would reflect the
persistence of relative frequencies of retrieval use.11 First,
we assumed that the total frequency of presentation tabu-
lated across textbooks from Grades 1 through 6 (Ashcraft &
Christy, 1995) was used to reflect the persistence of a
frequency bias towards small problems. Second, we as-
sumed that retrieval of a problem as part of a derived-fact
solution contributed to that problem's overall level of asso-
ciative strength and indexed this variable by the frequency
with which each problem was used as a base fact in derived-
fact solutions (i.e., PDF) in the current experiments. In

general, problems that are solved more frequently presum-
ably have more peaked distributions of associations than do
problems that are solved less frequently.

In both experiments, mean latencies across problems
were negatively correlated with probability of retrieval,
frequency of presentation in textbooks, and frequency of use
in derived-fact solutions. To examine the extent to which
associative variables can account for the variance associated
with the problem-size effect, we contrasted the roles of
product and measures of associative strength in predicting
latencies. Six dependent variables (mean latencies across
problems) were examined: standard trials in Experiments 1
and 2, the subset of standard trials solved by retrieval in
Experiments 1 and 2, and data presented by Campbell and
Graham (1985) and Miller et al. (1984).

In the first set of regressions (see Table 4), each latency
measure was first regressed on product (Model 1), then
probability of retrieval was added to determine whether it
made an independent contribution. Subsequently, the order
of entry of the variables was reversed (Model 2). As shown
in Table 4, both product and probability of retrieval, entered
first (compare Models 1 and 2), explained significant vari-
ance in latencies for all six data sets. More important,
however, the contribution of probability of retrieval was
always larger in magnitude than that of product. Further-
more, probability of retrieval always explained significant
unique variance in latencies when entered after product
(Model 1), whereas product did not explain unique variance
for two of the six data sets (Model 2). Thus, these analyses
support the view that associative strength, as indexed by
probability of retrieval, is a better predictor of latencies than
a structural variable such as product.

Product was a reasonably good predictor of latencies on
all trials because the slowest nonretrieval latencies tend to
occur on the largest problems (i.e., those solved with
derived-fact procedures). In contrast, nonretrieval latencies
on smaller problems tend to be associated with faster
number-series and repeated-addition procedures. Thus,
product will be a good predictor of latencies that are aggre-
gated across multiple procedures. (For a similar argument
regarding addition, see Siegler, 1987).

Although probability of retrieval is a more successful
predictor than product, it is still an imperfect index of the
true associative-strength values for each problem. To assess
whether additional associative measures would improve the
prediction of latencies, frequency of textbook presentation
and PDF were included in a third set of regressions. In these
analyses, probability of retrieval always predicted unique
variance. Frequency of presentation and PDF predicted
unique variance on five and four of the six data sets,
respectively. Frequency of presentation did not predict la-
tencies on retrieval trials in Experiment 2, and PDF did not
predict latencies on retrieval trials in Experiment 2 or for

1' In research on word recognition, frequency of presentation of
individual words has been shown to have a persistent, ongoing
impact on latencies. We assumed that a similar imbalance in
relative frequency of arithmetic solutions might have an ongoing
impact on solution latencies.
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Table 4
Summary of R2 Change Values for Latencies Regressed on Product
and Associative Variables

Experiment 1

Order of entry
and variable

Product
PR

PR
Product

PR
Frequency
PDF
Product

All standard
trials

.42*

.20*

.50*

.12*

.50*

.06*

.06*

.05*

Retrieval
trials only

.33*

.16*

.40*

.09*

.40*

.09*

.07*

.01

Experiment 2

All standard
trials

Model 1
.30*
.32*

Model 2
.58*
.04*

Model 3
.58*
.04*
.03*
.01

Retrieval
trials only

.14*

.46*

.49*

.01

.49*

.01

.01

.00

Campbell &
Graham
(1985)

.36*

.27*

.55*

.08*

.55*

.13*

.04*

.00

Miller et al.
(1984)

.22*

.29*

.49*

.02

.49*

.04*

.00

.00

Total R2 .67* .57* .68* .51* .72* .53*
Note. Frequency is total frequency of presentation in textbooks from Ashcraft and Christy (1995).
PR = percent retrieval (shown in Appendix); PDF = frequency of use as a base fact in derived-fact
solutions.
*p< .05.

Miller et al.'s (1984) data. Because frequency of presenta-
tion and product were highly correlated, r(62) = .77, p <
.001, residual variance due to product was accounted for by
frequency for three of the four data sets in which product
continued to predict after probability of retrieval. Thus,
measures of associative strength were sufficient to account
for substantial variance in latencies and accounted for all of
the unique variance associated with product in five of six
cases.12

In summary, associative factors that are assumed to re-
flect the relative strength of connections between problems
and answers provide a very good account of variability in
latencies aggregated across problems. The fastest problems
are those that are most often retrieved, that are often used as
base facts, and that are encountered more frequently,
whereas the slowest problems are often solved with proce-
dures other than retrieval, are rarely used as base facts, and
are encountered less frequently.

In addition to the problem-size effect, ties and 5-operand
status typically account for variability in latencies on mul-
tiplication problems. In the simulation model presented by
Campbell (1995), ties and 5-operand problems are subject to
less inhibition than other problems because of their unique
operands (ties) and answers (5-operand problems). In con-
trast, an associative view of these latency advantages is that
these problems have stronger associative connections be-
tween problems and answers due to their acquisition history
(Siegler, 1988b). Ties may be easier to learn than nonties
because they are presented more frequently (Siegler, 1988b)
or because they are distinct from other problems because of
their repeated operands (Graham & Campbell, 1992). The

advantage for 5-operand problems may be linked to proce-
dure selection; specifically, 5-operand problems may be
solved more accurately than problems of a similar magni-
tude because children are taught to count by fives (see
Siegler, 1988b, Experiment 2). In the present research,
5-operand problems were solved occasionally with number-
series solutions but less frequently with derived-fact solu-
tions, and the former were faster and more accurate than the
latter. According to Siegler's model, 5-operand problems
would be more likely to experience a greater number of
correct backup trials than other problems of a comparable
magnitude, resulting in higher levels of associative strength.
If these hypotheses about the source of the ties and 5-
operand advantages are correct, then associative strength
may account for any latency differences between these
problems and the remaining regular problems.

We used hierarchical multiple regression to examine
whether associative strength could account for the ties and
5-operand advantages. In the first step, we entered two

12 We suspected that product continued to predict latencies for
the complete set of trials in Experiment 1 because of the inclusion
of some very slow latencies (i.e., those between 5 and 10 s that
were eliminated from the other data sets). To examine this possi-
bility, we deleted outliers (i.e., all latencies greater than 2.5 SDs
from the mean for each participant). For this data set, product
accounted for only 1% of the variance in latencies after associative
strength and frequency were entered. Hence, product continues to
predict performance when very slow latencies are retained because
these typically occur on the most difficult (i.e., the largest prob-
lems), where use of derived fact procedures are most likely.



SELECTION OF PROCEDURES FOR MULTIPLICATION 299

structural variables to represent ties and 5-operand prob-
lems: coding for ties (-0.5) versus nonties (+0.5) and for
5-operand (-0.5) versus other (+0.5) problems. As shown
in Table 5, these variables predicted a significant percentage
of the variance in latencies (Model 1), as would be expected
by the overall latency advantages shown by these problems
(see Table 1). When associative strength, indexed by prob-
ability of retrieval, was added on the second step (Model 1),
it always predicted additional significant variance in laten-
cies. More important, when associative strength was entered
first (Model 2), neither the ties or the 5-operand variable
accounted for unique variance in latencies. Thus, variations
in associative strength, as indexed by probability of re-
trieval, are sufficient to account for latency advantages for
these problems. Presumably these associative-strength dif-
ferences result from different patterns of solution in the
course of acquisition and practice as described above.

In summary, the analyses of the present data and of data
from previous studies were consistent with associative mod-
els in general and with Siegler's (1988b) model in particu-
lar. Associative variables account for substantial variance in
latencies for simple multiplication problems. In five of six
cases, associative variables account for all of the variance
attributed to product. The three associative variables, com-
bined, accounted for between 20% and 39% more variance
in latencies than product alone explained. Product presum-
ably is a reliable (but indirect) predictor of latencies because
of its correlation with selection of procedures. In particular,
the continued contribution of product to prediction of laten-
cies in Experiment 1 appears to reflect the presence of very
slow nonretrieval procedures on the largest problems. Thus,
these analyses support experiential models of mental repre-
sentation for multiplication, specifically those with a past
and continuing role for multiple procedures in the solution
process.

Individual Differences

Researchers have variously (a) assumed that all adults are
roughly equally skilled, (b) chosen individuals who were
likely to be of relatively high skill (e.g., Miller et al., 1984),
or (c) emphasized speed at the expense of accuracy (e.g.,
Campbell & Graham, 1985). When these restrictions are not
applied, however, the range of performance in a randomly
selected sample of undergraduates is surprisingly large. In
the present experiments, the mean latency on the complete
set of correct problems ranged substantially, from 758 ms to
1,665 ms across participants in Experiment 1 (M = 1,122,
SD = 277) and from 797 to 1,739 ms in Experiment 2
(M = 1,212 ms, SD = 257). The use of procedures other
than retrieval also varied considerably across individuals, as
shown in Table 3. Mean latencies were correlated with the
slope for product (calculated individually for each partici-
pant), r(43) = .53, p < .001, indicating that individuals with
slower overall latencies showed larger effects of problem
size.13 In part, this relation between mean latencies and the
problem-size effect is due to the use of nonretrieval proce-
dures: Percentage use of retrieval by each participant and

mean latencies were significantly correlated, r(43) = —.30,
p < .05, whereas use of retrieval was not significantly
correlated with latencies on retrieval-only trials, r(43) =
— .05. Thus, individual differences in selection of proce-
dures and in overall latencies could be important for under-
standing patterns of performance on simple multiplication
problems.

Two additional findings support the view that individual
differences in selection of procedures could be important for
understanding arithmetic processes. Participants in Experi-
ment 2 rated their avoidance, nervousness, and confidence
about simple and basic arithmetic skills. Ratings on these
four questions were averaged to give an index of affect
toward mathematics (2 participants were not included in the
analyses, 1 because he did not complete all the relevant
questionnaire items, the other because she appeared to be an
outlier, as described above). They also completed a separate
test of arithmetic fluency that included multi-digit addition,
subtraction, and multiplication problems.

Participants who did well on the fluency test were more
likely to use retrieval, r(27) = .42, p < .05, in support of the
view that selection of procedures is a potentially important
index of individual differences in skill. More positive rat-
ings of mathematics were also related to a greater use of
retrieval, r(27) = .38, p < .05. One interpretation of the
latter finding is that math affect is largely an index of skill
(cf. Ashcraft, 1995). In the present data, math affect ap-
peared to reflect both the confidence criterion (i.e., the
criterion to accept a retrieved answer; Siegler, 1988a) and
the peakedness of the retrieval distribution. In support of
this interpretation, the percentage of errors on retrieval trials
was correlated with math affect, r(27) = -.50, p < .01,
whereas latencies were not. Thus, individuals with negative
views of math made more errors on retrieval trials than
those with more positive views, but did not respond more
slowly. These intriguing results support further research on
the relations among affect toward math, use of procedures,
and performance on simple arithmetic problems (see also
Ashcraft, 1995; Ashcraft & Faust, 1994).

In summary, the participants in the present research var-
ied considerably on measures of performance. Participants
varied widely in the extent to which they relied on direct
retrieval, and individual differences in latencies and patterns
of performance were linked to the degree to which partici-
pants routinely used direct retrieval on simple multiplication
problems. There was also a strong relation between overall
latencies and the problem-size effect that is presumably
related to the use of procedures other than retrieval on these
problems. Thus, models of simple arithmetic that discount
the influence of multiple procedures do not adequately
capture adult performance.

13 Two participants were omitted from the correlational analyses
(1 from each experiment) because they appeared to be outliers with
respect to percentage use of retrieval and latencies.
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Table 5
Summary of R2 Change Values for Comparison of Ties and 5-Operand Variables to
Percent Retrieval

Experiment 1 Experiment 2
_ 1__ Campbell &

Order of entry All standard Retrieval All standard Retrieval Graham Miller et al.
and variable trials trials only trials trials only (1985) (1984)

Model 1
Ties and

5-operand
PR

PR
Ties and

5-operand

.14*

.38*

.50*

.02

.15*

.27*

.40*

.02

.16*

.44*

Model 2
.58*

.02

.15*

.37*

49*

.03

.22*

.35*

.55*

.02

.14*

.36*

.49*

.01
Note. Values for percent retrieval are shown in the Appendix. PR = percent retrieval (shown in
Appendix).
* p < .05.

GENERAL DISCUSSION

Recent evidence has suggested that adults show consid-
erable variability in selection of procedures even on very
simple cognitive tasks (Geary et al., 1993; Herdman et al.,
1994; LeFevre et al., 1996; Reder, 1987). Such evidence,
however, has had little impact on models of adult cognition.
The goals of the present research were to test the hypotheses
(a) that adults know, and use, procedures other than retrieval
to solve simple multiplication problems and (b) that adults'
use of procedures other than retrieval influences patterns of
performance on these problems. Both hypotheses were sup-
ported. As a group, participants reported using procedures
other than retrieval on a substantial number of trials. As
individuals, many participants reported using nonretrieval
procedures at least occasionally, indicating that knowledge
of these procedures was widespread in this population. As
discussed in detail below, these findings have important
implications for models of cognitive processing in multipli-
cation and in other domains.

As hypothesized, the use of procedures other than re-
trieval varied with problem characteristics: Problems with
an operand of 2 often were solved by converting them to
tie-addition problems, 5-operand problems were sometimes
solved by counting via the five-string, and problems with
large operands frequently were solved with derived-fact
procedures. Latencies supported qualitative distinctions
among alternative procedures: Retrieval was fast and accu-
rate, whereas derived-fact procedures were slow and less
accurate. Furthermore, there was a close relation between
the associative strength of particular problems (indexed by
use of retrieval) and patterns of latencies across problems on
retrieval trials. These results are consistent with the view
that the associative structure for multiplication reflects ear-
lier patterns of behavior and thus provides support for
retrieval models that emphasize a close, developmental re-
lation between acquisition of multiplication knowledge and
skilled performance.

Specification of procedure use across problem categories
was very useful for understanding (a) one source of the
ubiquitous problem-size effect and (b) why ties and 5-
operand problems are special. First, use of derived-fact
procedures substantially increased latencies on the largest
problems and thus contributed to the problem-size effect
when all trials were considered. Second, the latency advan-
tages shown by ties and 5-operand problems were elimi-
nated when probability of retrieval was used to predict
latencies. Thus, selection of procedures appears to have an
important long-term impact on patterns of latencies for
simple multiplication problems.

Self-Report Methods

The issue of whether self-reports of procedure use are
valid and nonreactive is of course critical to interpretations
of the present data. These issues have been tackled most
directly for arithmetic processing by Russo et al. (1989) and
by Cooney and Ladd (1992). On multi-digit arithmetic
problems, Russo et al. found that participants tended to
forget their behavior when immediate retrospective reports
were compared to concurrent verbal reports. Cooney and
Ladd found that, for third-grade children solving simple
multiplication problems, immediately retrospective reports
increased accuracy but not latencies of solutions as com-
pared to a no-report condition. Consistent with the present
research, Cooney and Ladd also found that reports of pro-
cedures were very consistent across problems. Individuals
were somewhat variable in their reports of procedures when
concurrent reports were compared with immediately respec-
tive reports, however. These results suggest that the require-
ment to verbalize performance may affect processing, al-
though there was no evidence in either study that
verbalizations resulted in participants fabricating (as op-
posed to forgetting) their solution processes. Furthermore,
some variability would be expected within an individual if
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the selection of procedures is probabilistic, as in Siegler's
theory (Siegler, 1988b; Siegler & Shipley, 1995).

Comparison of concurrent and retrospective reports can
be useful for understanding the role of memory processes in
self-reports, but neither is really directly comparable to the
no-report condition. With younger children, Siegler (e.g.,
Siegler, 1988b; Siegler & Shipley, 1995) has used observ-
able behaviors to index selection of procedures. Unfortu-
nately, adults and older children rarely show evidence of
overt calculation on simple arithmetic problems. Thus, the
veridicality of self-reports generated by adults must be
evaluated based on the plausibility of the reports in relation
to other, more objective measures. For example, LeFevre et
al. (1996) found that trials on which adults claimed to use
counting showed large increments as a function of number
of counts that are consistent with independent estimates of
the rate of internal counting (see also Geary et al., 1993).
Similarly, latencies on number series trials in the present
research increased with the number of counts required.
Furthermore, frequency of errors were greater on nonre-
trieval trials than on retrieval trials and patterns of latencies
were consistent with the levels of difficulty associated with
repeated-addition, number-series, and derived-fact solu-
tions. Thus, the self-reports of procedure use appear to be
veridical. Furthermore, in support of the assumption that the
self-reports in the present study did not substantially change
the pattern of performance, the types of errors, the form of
the problem-size effect and patterns of ties, 0-, and 5-
operand problems were very similar to those observed in
previous studies. Hence, conclusions about performance
based on analyses of the data for all trials (i.e., averaging
across procedures) were very similar to those based on
previous research.

The reports of procedures obtained with the present meth-
odology appear to be generally veridical, but they may be
incomplete. The persistence of the problem-size effect on
retrieval trials can be accounted for by associative strength,
but it may also represent an underreporting of nonretrieval
procedures on some trials. For example, participants may
use more than one procedure on a given trial (Compton &
Logan, 1991; Thibodeau, 1993, 1994) but only report the
one that actually produced an answer. Participants may start
executing a derived-fact solution but respond with a re-
trieved answer that was available before the procedure was
finished. In other cases, participants may have been un-
aware of which procedure they used and responded with
retrieval because of limited access to their internal mental
processes. Multiple activation of procedures may be diffi-
cult to study using only self-reports; although our partici-
pants were encouraged to report everything they did, they
seldom mentioned using more than one procedure. Further,
in the case of multiple automatic processes, participants
may be unaware of using more than one process. To address
these concerns, alternative methods for assessing selection
of procedures may be used in combination with self-reports
to explore the roles of automaticity and familiarity in selec-
tion of procedures. One interesting approach to understand-
ing patterns of latencies and their relations to procedures is
to train participants to use the various procedures and then

to establish the characteristics, including patterns of laten-
cies and errors, that are typical of various procedures (e.g.,
Goldman, Mertz, & Pellegrino, 1989; Goldman, Pellegrino,
& Mertz, 1988).

Implications for Models of Simple Arithmetic

In the introduction, we outlined three classes of models of
simple arithmetic: structural retrieval models, learning-
based retrieval models, and multiple-route models. The first
important implication of the present results for models of
arithmetic is that a multiple-route model will be necessary
to capture performance on simple multiplication problems.
Siegler and Shipley (1995) have proposed a multiple-route
model of simple addition that, with some modifications, can
also provide a reasonable account of the present data. Their
model represents an extension of Siegler's original frame-
work (e.g., Siegler, 1988b; Siegler & Shrager, 1984). In the
revised model, the selection of a procedure on each trial
depends on three kinds of associative strength values.
Global strength reflects how successful each procedure has
been across all problems. Featural strength indexes the
effectiveness of each procedure on all problems that share
similar features (e.g., die same operands) with the presented
problem. Problem-specific strengths depend on the success
of each procedure on each individual problem. The values
of each type of associative strength are assumed to change
with development and practice.

In general, our findings are consistent with Siegler and
Shipley's (1995) model. Certain problems were more likely
to elicit certain procedures, and the connections between
problems and procedures seemed to depend on featural
similarities across problems and the efficiency of a partic-
ular procedure for a particular type of problem. Thus, al-
though repeated addition may be used on a problem like
6 X 9, it never was. Finally, the relation between selection
of procedures and performance on retrieval trials is consis-
tent with the view that retrieval strengths for individual
problems are a product of the acquisition process.

The model's predictions diverge from our results mainly
in the outcome or final product of learning. In Siegler and
Shipley's (1995) model, the final state of the model results
in retrieval occurring on virtually 100% of trials. During
acquisition, the retrieval patterns of the model reflect the
learning history (as we also found), but when acquisition is
complete, the probability that the model will ever use a
procedure other than retrieval is very small. Our results
suggest that although there are some individuals who rely
exclusively on retrieval, many others within a university
population continue to use procedures other than retrieval.
Thus, a modified version of the model might include a
process whereby variability in some of the parameters re-
sults in the preservation of sufficient global, featural, or
problem-specific strength of nonretrieval procedures to
guarantee their continued, if infrequent, use.

A second major implication of the present research for the
models of mental arithmetic is that a multiple-procedure
framework provides a more integrated account of the ex-
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captions, that is, ties and 5-operand problems, than do
current retrieval models. In the simulation model presented
by Campbell (1995), ties and 5-operand problems form
separate subcategories of problems and therefore receive
less inhibition from neighboring problems than do nontie
problems of a similar magnitude. Although the effect of that
special status appears to mimic patterns of data observed
among human solvers, the current view suggests that the
source of the special status is experiential and not inherent
in the characteristics of the problems. Tie problems appear
to be retrieved more often and more consistently than an-
swers to comparable problems (Graham & Campbell, 1992;
Siegler, 1988b). Problems with operands of 5 may be solved
by number series, whereas similarly sized problems may be
solved by other nonretrieval procedures. If the former pro-
cedures are less error-prone than the latter, associative-
strength values peak more quickly for the 5-operand prob-
lems than for comparable problems. The similarity between
the experiential explanation for the ties and 5-operand ad-
vantages and that proposed by Campbell (1995) is that the
distinctiveness of ties and 5-operand problems facilitates the
development of strong problem-answer connections for
these items. It is interesting to note that in a recent study of
the multiplication performance of adults educated in main-
land China, 5-operand problems did not show the typical
latency advantage found in Canadian- and American-
educated samples (LeFevre & Liu, 1995), in support of an
explanation for the latency advantage of 5-operand prob-
lems that is linked to learning and experience and is not a
necessary consequence of the structural features of those
items.

A third implication of the present results for models of
arithmetic is that skill at solving multiplication problems is
probably best viewed as a continuum that reflects variability
in selection of procedures. Novices (such as the children
studied by Cooney & Ladd, 1992; Lemaire & Siegler, 1995;
Siegler, 1988b) represent an early state of knowledge: They
use relatively less retrieval and relatively more nonretrieval
procedures than the "experts" who participated in the cur-
rent experiments. Our results suggest that there is consid-
erable development in the (approximately) 12 years be-
tween learning multiplication and participating in an
experiment as a university student. Undergraduates are
more likely to use retrieval than third graders, they make
fewer errors, and they solve the problems more quickly.
Retrieval is less likely to fail for these "experts" and more
likely to yield an accurate answer. More important, how-
ever, and consistent with the idea of a continuum of skill,
considerable variability in procedure selection remained
among the "experts": Some participants relied extensively
on relatively inefficient nonretrieval procedures to solve
these simple problems. These individuals also appeared to
have less peaked retrieval networks (and perhaps lower
confidence criteria for retrieved answers) in that they were
more likely to make errors on retrieval trials than partici-
pants who relied mainly on retrieval. Continued use of
nonretrieval alternatives presumably contributes to the per-
sistence of a less-peaked distribution of associations and

thus to a maintenance of the strength of the nonretrieval
procedures.

A final implication for current models is that practice may
not inevitably lead to retrieval, although that is the dominant
assumption (e.g., Siegler, 1988b; Widaman & Little, 1992;
see also Compton & Logan, 1991). The present results
suggest that practice could also lead to automatic activation
of rules and of procedures other than retrieval. In this view,
automatic activation of rules or procedures would be tied to
the strength of the associations between procedures and
specific problems (Siegler & Shipley, 1995). Although Ba-
roody has been suggesting this possibility for some time
(Baroody, 1983, 1984, 1994), previously there was little
direct evidence that adults ever used procedures other than
retrieval on these simple problems. If practice does not, at
least some of the time, lead to the automatic activation of
rules or procedures, then it is difficult to understand why
adults would continue to use solutions such as those involv-
ing derived facts. Consistent and accurate use of a procedure
or rule should presumably build up a peaked distribution of
associations in the retrieval network, resulting in the suc-
cessful use of retrieval when it was selected for these
problems and thus a concomitant decrease in the use of
procedures other than retrieval. The finding that use of
procedures other than retrieval persists, however, suggests
that the successful use of these alternatives also increases
the strength of the problem-procedure association. In this
view, procedures other than retrieval could be maintained,
sometimes as strongly as retrieval, in spite of extensive
practice and successful performance. It seems entirely rea-
sonable that cognitive systems would be designed so that
perfect consistency of retrieval or any other procedure is
difficult to obtain. Retention of such variability would, for
example, help to ensure greater chance of recovery from
brain damage (e.g., Hittmair-Delazer et al., 1994).

Thus, distributions of associations for both retrieved an-
swers and for procedures may perhaps be viewed as con-
tinuously dynamic, in that rather than reaching a final static
state, they continue to be refined by the experiences of the
individual solver. A variety of additional predictions arise
from this view. First, strength of association may wane
when practice or the problem-solving environment is not
consistent. Second, it might be necessary to deliberately
suppress the use of nonretrieval procedures in order to
ensure a reliance on retrieval. Whether this latter is either
necessary or useful, of course, depends on how important
retrieval is when simple multiplication facts are used. In
sum, retrieval is the dominant procedure used by most
adults solving simple multiplication problems and, conse-
quently, research continues to be focused on retrieval. It is
important to recognize, however, that even researchers in-
terested primarily in retrieval have to take variable selection
of procedures into account. The methodological complica-
tions of multiple selection of procedures need to be explored
in depth. For example, what happens to patterns of selection
of procedures when participants are instructed to respond
quickly? Further, it is important to recognize that, for some
participants, retrieval is used infrequently on particular
problems. Even if participants are forced to retrieve on these
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problems, their performance may not reflect their usual use
of the retrieval network. That is, retrieval may function as
the backup procedure in some cases.

Conclusions

The results of the present research lead us to the conclu-
sion that, in simple arithmetic, researchers will need to
attend to diversity in selection of procedures across partic-
ipants in order to formulate truly general models of perfor-
mance. Initial attempts to understand simple arithmetic per-
formance probably were most successful when researchers
made strong simplifying assumptions, such as "all adults
retrieve the basic arithmetic facts." Well-established empir-
ical phenomena, however, such as the problem-size effect,
were proving intractable in the available models (Ashcraft,
1992). Further, the discontinuity between models of chil-
dren's performance and those of adults suggested serious
gaps in theorizing. Alternative conceptualizations were
scarce (cf. Baroody, 1994), and very little data existed with
which to test the feasibility of alternative models. The
results of the present research clearly show that multiple
procedures are used by adults solving multiplication prob-
lems and that the use of procedures other than retrieval has
implications for performance on these problems. Future
models of arithmetic need to include multiple routes to
solution of even the simplest problems.

In general, the present results highlight the importance of
selection of procedures to models of simple cognitive tasks.
In many areas of cognitive psychology, researchers have
stressed the consistency of adult performance and have
downplayed or disregarded individual differences in solu-
tion procedures. Research is accumulating, however, to
suggest that both qualitative and quantitative individual
differences can play an important role in well-learned tasks
such as arithmetic or word recognition. For example, Le-
Fevre and Kulak (1994) found that less-skilled adults
showed little evidence for obligatory activation of even the
simplest addition problems (e.g., 4 + 2), in contrast to their
skilled peers. This finding is inconsistent with the prevailing
assumption that all adults have similar levels of skill and
functionally equivalent retrieval processes. In the area of
word recognition, studies have shown qualitative differ-
ences in performance across adults who vary in skill (e.g.,
Bernstein & Carr, 1996; Brown & Carr, 1989; Brown,
Lupker, & Colombo, 1994; Bruck, 1990; Herdman & Le-
Fevre, 1992; Herdman et al., 1994). Similarly, the role of
very specific contexts, such as the composition of items in
a list of letter strings, have been shown to profoundly
influence processing (Baluch & Besner, 1991; Herdman et
al., 1994; Monsell et al., 1992). These findings present a
challenge for models that provide a single, inflexible de-
scription of processing for every skilled adult under a vari-
ety of task conditions.

Researchers studying children may be unsurprised at the
call for a consideration of the role of multiple procedures
and of individual differences in simple tasks. Siegler and his
colleagues have demonstrated, in a wide range of tasks, the

variability shown in selection of procedures by children
(e.g., Lemaire & Siegler, 1995; Siegler, 1987, 1988a,
1988b, 1989; Siegler & McGilly, 1989; Siegler & Shrager,
1984) and have found evidence for individual differences
within and between task domains (Siegler, 1988a). The
present results show that consideration of how individuals
select from among multiple procedures is critical for build-
ing comprehensive models of performance on even simple
and apparently automatic cognitive tasks.
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Appendix

Descriptive Statistics by Problems for Experiments 1 and 2

Experiment 1 Experiment 2

Problem

2 X 2
2 X 3
2 X 4
2 X 5
2 X 6
2 X 7
2 X 8
2 X 9
3 X 2
3 X 3
3 X 4
3 X 5
3 X 6
3 X 7
3 X 8
3 X 9
4 X 2
4 X 3
4 X 4
4 X 5
4 X 6
4 X 7
4 X 8
4 X 9
5 X 2
5 X 3
5 X 4
5 X 5
5 X 6

RTa (ms)

862
1,052

990
870

1,078
876

1,161
854
967
992

1,082
956

1,368
979

1,535
1,552

868
1,063

994
992

1,249
2,203
1,556
2,090

915
1,000

997
1,249
1,364

Retrieval
RTb

(ms) RTa (ms)

862
1,067

947
876

1,075
855

1,100
843
967
992

1,082
941

1,333
960

1,392
1,534

854
1,084

994
979

1,243
1,751

,004
,442
,091
,164
,299
,090
,155
,058
,414
,033
,081
,078
,475
,102
,458
,658
,235
,196
,447
968
,151
,487

1,442 1,657
1,467 1,506

868 987
951 1,440
972 1,001
929 1,058

1,375 1,209

Retrieval
RTb

(ms)

1,001
1,513
1,005
1,262
1,213
1,119
1,172
1,068
1,516
1,044
1,083
1,075
1,440
1,041
1,345
1,436
1,188
1,183
1,339

958
1,048
1,294
1,532
1,409
1,110
1,438
1,009
1,016
1,048

% use of
retrieval0

92
92
85
83
79
79
89
87
84
94
96
91
83
92
77
68
83
94
91
92
91
80
79
72
85
81
94
93
85

PDF1

0
0
0
0
4
5

10
3
0
0
1
1
0
6
1
4
0
0
0
1
3
2
0
1
0
0
0
3
0

(Appendix continues on next page)



306 LEFEVRE ET AL.

Appendix (continued)

Experiment 1 Experiment 2

Problem

5 X 7
5 X 8
5 X 9
6 X 2
6 X 3
6 X 4
6 X 5
6 X 6
6 X 7
6 X 8
6 X 9
7 X 2
7 X 3
7 X 4
7 X 5
7 X 6
7 X 7
7 X 8
7 X 9
8 X 2
8 X 3
8 X 4
8 X 5
8 X 6
8 X 7
8 X 8
8 X 9
9 X 2
9 X 3
9 X 4
9 X 5
9 X 6
9 X 7
9 X 8
9 X 9

RTa (ms)

1,339
1,309
1,252

965
1,403
1,079
1,111

921
1,486
1,904
1,856
1,017
1,038
1,598
1,151
1,909
1,040
1,758
2,093
1,108
1,276
1,765
1,551
1,940
2,302
1,287
1,760

835
1,570
1,687
1,052
2,324
2,559
1,574
1,201

Retrieval
RTb

(ms)

1,335
1,261
1,101

945
1,368

997
1,094

921
1,418
1,453
1,791

995
1,001
1,447
1,120
1,544
1,040
1,335
1,844
1,041
1,152
1,765
1,154
1,781
1,994
1,287
1,133

820
1,599
1,745
1,024
1,754
2,131
1,259
1,201

RT" (ms)

1,307
1,319
1,525
1,087
1,298
1,139
1,283
1,089
1,441
1,487
1,990
1,068
1,093
1,597
1,113
1,505
1,039
1,927
1,842
1,243
1,496
1,670
1,253
1,688
1,838
1,478
1,412
1,145
1,393
1,405
1,371
1,755
2,002
1,384
1,107

Retrieval
RTb

(ms)

1,195
1,327
1,300
1,117
1,294
1,041
1,186
1,102
1,203
1,358
1,855
1,096
,024
,440
,027
,263
,050
,555
,777
,208

1,336
1,366
1,259
1,278
1,414
1,450
1,200
1,184
1,260
1,339
1,206
1,518
1,875
1,216
1,088

% use of
retrieval

83
89
79
83
89
87
89
98
85
79
61
84
92
76
89
84
96
73
58
83
77
86
80
74
75
94
68
85
80
81
83
61
67
76
85

FOE11

0
0
1
3
3
1
1
8
0
0
2
4
5
0
7
1
9
0
0
6
4
0
8
0
1

10
1
1
1
0
9
0
1
1
7

Note. RT = retrieval trials; FDF = frequency of use as a base fact in derived-fact solutions.
a Mean latencies aggregated across all procedures. b Mean latencies on retrieval trials only.
0 Percentage use of retrieval; frequencies summed over experiments then divided by total number of
valid trials. d Frequency with which each problem was used as a base fact in a derived-fact
solution, summed over experiments.
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