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ABSTRACT—Understanding how environments influence

learning requires attending not only to what is present but

also to what is absent. In the context of mathematics

learning, this means attending not only to problems that

children encounter frequently in textbooks but also to

ones that appear rarely. We present research in this arti-

cle showing that students perform surprisingly poorly on

seemingly simple fraction and decimal arithmetic prob-

lems that are seldom seen in textbooks. Next, we describe

imbalanced distributions in textbooks of mixed notation

arithmetic and comparison problems, and we hypothesize

similar relations between the frequency of those types of

problems and student accuracy on those tasks. Finally, we

review findings about relations between textbook input

and student performance in whole number arithmetic and

mathematical equality, and we propose a hypothesis

regarding when imbalanced distributions of problems are

most detrimental. We conclude that presenting more bal-

anced distributions of problems and helping children

understand mathematical principles that differentiate

legitimate from flawed solution strategies offer promising

ways of improving mathematics education.

KEYWORDS—cognitive processes; decimals; fractions; math-

ematics; textbooks

In “The Adventures of Silver Blaze,” Sherlock Holmes was

asked to solve a mystery: The trainer of a champion racehorse

had been murdered and the horse had disappeared (Doyle,

1894). After preliminary discussion, Detective Gregory asked if

there was anything else to which Holmes would like to draw his

attention. Holmes replied, “[t]o the curious incident of the dog

in the night-time.” Gregory responded, “The dog did nothing in

the night-time.” Holmes explained, “That was the curious inci-

dent” (Doyle, 1894, p. 11; emphasis added). The reasoning

behind the comment was that if the culprit had been a stranger,

the dog would have barked; the absence of barking meant that

the dog knew the perpetrator.

Holmes’s insight illustrates an important and broadly applica-

ble point: In trying to explain observations, we should consider

not just what we see but also what we do not see. This logic has

led our research on how textbooks shape mathematics learning

to focus on problems that are absent as well as on ones that are

present. Our main hypothesis is that lack of experience with

some types of problems hinders children’s learning.

This research grows out of a general belief that the study of

cognitive development would benefit from greater attention to

the specifics of the environments in which learning occurs.

Examining textbooks has several advantages for studying how

the learning environment shapes children’s thinking. The use of

textbooks is nearly universal in the United States and interna-

tionally (Horsley & Sikorov�a, 2014; Valverde, Bianchi, Wolfe,

Schmidt, & Houang, 2002). Textbooks bridge the gap between

intended curricula and implementation of curricula in class-

rooms (Mullis, Martin, Foy, & Arora, 2012; Valverde et al.,

2002). They also are publicly available, so researchers can

replicate others’ findings and test alternative hypotheses about

them. Such considerations have led to several recent investiga-

tions of the relations between textbook characteristics and chil-

dren’s mathematics learning (e.g., Fagginger Auer, Hickendorff,

Robert S. Siegler and Colleen O. Oppenzato, Teachers College,
Columbia University.

The research reported in this article was supported by the Institute
of Education Sciences, U.S. Department of Education (Grant No.
R305A180514); the National Science Foundation (Grant No.
1844140); and the Schiff Foundations Chair in Psychology and Edu-
cation at Columbia University. The opinions expressed are those of
the authors and do not represent the views of the agencies that sup-
ported the research.

Correspondence concerning this article should be addressed to
Robert S. Siegler, Teachers College, Columbia University, 525 W.
120th St., New York, NY 10027; e-mail: rss2169@tc.columbia.edu.

© 2021 The Authors

Child Development Perspectives© 2021 Society for Research in Child Development

DOI: 10.1111/cdep.12402

Volume 15, Number 2, 2021, Pages 76–82

CHILD DEVELOPMENT PERSPECTIVES

https://orcid.org/0000-0002-0745-6583
https://orcid.org/0000-0002-0745-6583
https://orcid.org/0000-0002-0745-6583
mailto:
http://crossmark.crossref.org/dialog/?doi=10.1111%2Fcdep.12402&domain=pdf&date_stamp=2021-03-22


van Putten, B�eguin, & Heiser, 2016; Sievert, van den Ham, &

Heinze, 2021). Textbook characteristics are certainly not the

only determinant of mathematics learning—teaching approaches

and many other variables also matter—but they are one impor-

tant influence.

As Sherlock Holmes’s tale cautions us, when we analyze text-

books, we need to attend to what is omitted as well as to what is

included. In this article, we describe recent findings regarding

imbalances in textbook problems, their relations to children’s

learning, and the conditions under which these imbalances

affect learning most adversely.

RATIONAL NUMBER LEARNING AND TEXTBOOKS

In our recent research on relations between textbook content

and mathematics learning, we have focused on how children

learn about rational numbers (i.e., fractions, decimals, percent-

ages). This domain is of considerable importance both in and

out of school. In terms of school success, fraction knowledge in

fifth grade uniquely predicts math achievement 5 years later in

high school, even after controlling for socioeconomic status, IQ,

reading comprehension, and whole number arithmetic knowl-

edge (Siegler et al., 2012). High school and college math is used

in relatively few occupations, but knowledge of rational num-

bers, taught in late elementary and middle school, is crucial for

success in many fields, including nursing, pharmacy, and mod-

ern factory work (Douglas & Attewell, 2017; Handel, 2016).

Despite extensive instruction in rational numbers over several

grades (Common Core State Standards Initiative, 2010), many

older children and adults have a limited understanding of them

(Stigler, Givvin, & Thompson, 2010; Tian, Braithwaite, & Sieg-

ler, 2020). For example, on the 1979 National Assessment of

Educational Progress, only 24% of U.S. eighth graders who were

presented with the equation 12/13 + 7/8 and asked to choose

the closest answer from among 1, 2, 19, and 21 chose the cor-

rect answer, 2 (Carpenter, Corbitt, Kepner, Lindquist, & Reys,

1980). Even after numerous mathematics education reform

efforts since then, the percentage of eighth graders who

answered the same problem correctly in 2014 was almost identi-

cal, 27% (Lortie-Forgues, Tian, & Siegler, 2015).

To understand more completely the sources of this weak

learning, we examined the input from textbooks that children

receive for rational number arithmetic. In particular, we coded

problems from then-current editions (as of 2016, when our cod-

ing began) of three U.S. math textbook series: Pearson’s enVision

Mathematics (Charles et al., 2012), Houghton Mifflin Harcourt’s

GO Math! (Dixon, Adams, Larson, & Leiva, 2012), and

McGraw-Hill’s Everyday Mathematics (University of Chicago

School Mathematics Project, 2015a, 2015b). These textbook ser-

ies were chosen because they were among the most widely used

in the United States (Opfer, Kaufman, Pane, & Thompson,

2018) and included volumes for grades four through six, the

grades in which fractions and decimals are primarily taught in

the United States (Common Core State Standards Initiative,

2010). We coded only problems that (a) were presented in

purely numerical form (not word problems), (b) had two oper-

ands, at least one of which was a rational number, and (c)

required an exact numerical answer (not an estimate). These

were the large majority of rational number arithmetic problems

in both the textbooks we coded and in three other series coded

by Cady, Hodges, and Collins (2015).

MISSING INPUT AND ITS EFFECTS

Fraction Arithmetic

Table 1 shows the percentages of fraction arithmetic problems

with each combination of the four operations (addition, subtrac-

tion, multiplication, and division) and equal/unequal denomina-

tors averaged across the three textbook series cited earlier.

These variables were chosen for examination because together,

they determine the correct procedure for all fraction arithmetic

problems.

Certain combinations of operation and denominator equality

proved to be rare in all three series. Multiplication and division

problems with equal denominators were almost nonexistent. This

scarcity was not attributable to either the type of operation or

denominator equality alone. As seen in Table 1, addition and

subtraction problems with equal denominators were common, as

were multiplication and division problems with unequal denomi-

nators. Rather, it was the combination of equal denominator and

the operation being multiplication or division that was uncom-

mon.

These details of problem distributions might be assumed to be

irrelevant to children’s learning. After all, mathematics is about

abstracting over irrelevant details, and the procedures for solv-

ing fraction multiplication and division problems are identical

regardless of whether denominators are equal. However, examin-

ing children’s performance indicated that their accuracy was

considerably higher on the more common types of problems than

on the less common ones. For example, sixth- and eighth-grade

students correctly answered 58% of fraction multiplication

Table 1

Percentage of Fraction Arithmetic Problems in Fourth-, Fifth-,

and Sixth-Grade Volumes of Three U.S. Textbook Series,

Classified by Arithmetic Operation and Whether Denominators of

Operands Are Equal.

Relation of
denominators

Arithmetic operation

Addition Subtraction Multiplication Division

Equal 17 19 1 2
Unequal 20 15 17 9

Note. Only problems with no whole number operands are included. Cells with
very low values are bolded.
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problems with unequal denominators, but only 36% of such

problems with equal denominators (Siegler & Pyke, 2013).

Support for the hypothesis that scarcity of equal denominator

multiplication and division problems reduces accuracy on such

problems came from a computer simulation of fraction arith-

metic learning (Braithwaite, Pyke, & Siegler, 2017). The model

received as input all fraction arithmetic problems from a given

textbook series in the order in which they appeared. As with the

research we mentioned earlier (Siegler & Pyke, 2013), the simu-

lation erred considerably more often on fraction multiplication

problems with equal than unequal denominators. The most com-

mon type of error on the scarce type of problems was also the

same one children made most frequently (e.g., 3/5 9 4/5 = 12/

5). This error was very common both among the children in the

aforementioned study (Siegler & Pyke, 2013) and in the simula-

tion (about 40% of trials in each).

Within the simulation, and we believe within children, the

mechanisms that produce such errors are association and gener-

alization. More than 98% of problems with equal denominators

in the three textbooks involved addition or subtraction. This

input appears to lead to associations between equal denominator

operands and the addition/subtraction strategy of performing on

the numerators the operation specified in the problem and main-

taining the common denominator in the answer (as in 3/5 9 4/

5 = 12/5). The strong association between equal denominator

operands and the addition/subtraction approach, the scarcity of

equal denominator multiplication problems, and conceptual

understanding not being used to override the association lead to

overgeneralization of the addition/subtraction strategy on equal

denominator multiplication problems. This analysis suggests that

the mechanisms underlying U.S. children’s learning rational

number arithmetic are at a level much lower than deduction

from mathematical principles.

Decimal Arithmetic

Analyses of distributions of decimal arithmetic problems in the

same textbooks revealed similar imbalances (Tian, Braithwaite,

et al., 2020). The most striking of these involved whether the

operands were two decimals (DD problems, such as 0.2 + 1.47)

or a whole number and a decimal (WD problems, such as

2 + 1.47), and whether the operation was addition/subtraction

or multiplication/division.

As shown in Table 2, WD items involving addition and sub-

traction were very rare, accounting for only 1% of decimal arith-

metic problems across the three textbook series. In contrast,

WD items involving multiplication and division were 40% or

more of total decimal arithmetic problems in each series.

Although WD addition and subtraction procedures are arguably

simpler than DD addition and subtraction procedures, research-

ers predicted that performance on WD addition and subtraction

problems would be less accurate than on DD items because stu-

dents rarely encounter them (Tian, Braithwaite, et al., 2020).

The investigators tested this prediction using three datasets: a

set collected more than 35 years earlier (Hiebert & Wearne,

1985), a set with more than 3,000 children collected on the

web-based ASSISTments platform from 2013 to 2019 (Heffernan

& Heffernan, 2014), and a pencil-and-paper study conducted in

our lab in 2016.

In all these studies, the prediction about children’s perfor-

mance based on the textbook problem distributions was borne

out: Children’s accuracy was lower on WD addition and subtrac-

tion items than on DD items. As with fraction arithmetic, most

errors involved overgeneralization of other arithmetic proce-

dures. For example, in the older dataset (Hiebert & Wearne,

1985), only 42% of seventh-grade students correctly added

6 + .32 (as was common in decimal arithmetic problems at the

time, no “0” before the decimal point was used in their stimuli).

The most common error on 6 + .32 was .38, suggesting that stu-

dents overgeneralized the whole number addition procedure of

right adjusting the operands before adding them (Tian,

Braithwaite, & Siegler, 2020). As with fraction arithmetic, these

findings with decimal arithmetic indicate that omission of even

seemingly simple types of problems opens the door to overgener-

alizations of procedures that are correct for other types of prob-

lems. The decimal arithmetic data from the ASSISTments

platform also indicate that relations between online problems

and children’s performance are similar to those between text-

books and children’s performance.

Fraction and Decimal Arithmetic Assignments

Teachers do not assign all problems in textbooks, nor do they

assign only problems from textbooks. In principle, they could

compensate for the imbalanced distributions of textbook prob-

lems by assigning more of the scarce types. However, they do

not appear to do so. A recent study examined all fraction and

decimal arithmetic problems that 14 fourth-, fifth, and sixth-

grade teachers assigned over the course of a school year (Tian,

Leib, Griger, Oppenzato, & Siegler, 2020). The types of prob-

lems that were scarce in the textbooks proved to be equally

scarce in the assignments, whether the assigned problems came

from textbooks (70% of assigned items) or from other sources

Table 2

Percentage of Decimal Arithmetic Problems in Fourth-, Fifth-,

and Sixth-Grade Volumes of Three U.S. Textbook Series,

Classified by Arithmetic Operation and Whether Operands

Include a Whole Number.

Type of
operands

Arithmetic operation

Addition Subtraction Multiplication Division

Decimal-
decimal

14 14 15 12

Whole-
decimal

1 1 21 22

Note. Bolding indicates rare types of problems.
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(30% of assigned items). Analyses of video recordings of teach-

ing from the Trends in International Mathematics and Science

Study have shown similar strong relations between textbooks

and teachers’ coverage of topics in a wide range of areas of

mathematics (Mullis et al., 2012).

Learning Across Rational Number Notations

Also rare in textbooks are problems that combine different

rational number notations in a single item. Such problems are

fairly common in the world outside the classroom. For example,

anticipating the cost of 3/4 (or 75%) of a pound of tuna selling

for $24.50/pound requires multiplying a fraction (or percentage)

and a decimal, but textbooks almost never present such prob-

lems. In the aforementioned textbook series, only two of the

almost 4,700 rational number arithmetic problems we coded

involved mixed notations. Encountering so few problems is unli-

kely to produce an understanding of rational number arithmetic

with multiple notations in a single problem. However, textbooks

may help students understand relations among rational numbers

with different notations by presenting tasks other than arith-

metic, such as equivalence and comparison problems (e.g.,

.75 = ?/4; Is 4/5 > .6?).

To examine this type of input across rational number notations,

we coded equivalence problems and comparison/ordering prob-

lems in which the operands had the same or different notations

in the previously mentioned textbook series. The criteria for

including problems were the same as those for the rational num-

ber arithmetic problems. We found that a substantial percentage

of equivalence problems (38% across the three series) involved

cross-notation relations. In contrast, the imbalance between

within-notation and between-notation problems was much greater

for comparison and ordering problems. Of them, only 9% of

problems across the three series involved different notations.

These analyses of textbook problem distributions suggest two

predictions. First, on equivalence problems, children will per-

form similarly on within-notation and between-notation prob-

lems. Second, on comparison and ordering problems, children

will be more accurate on within-notation than on between-nota-

tion problems. These predictions need to be tested.

TEXTBOOK INFLUENCES IN OTHER AREAS

Whole Number Arithmetic Principles

Rational number arithmetic is not the only area of mathematics

in which textbook characteristics influence children’s learning.

Another area for which evidence of such a relation is strong is

basic arithmetic principles. Research has documented relations

between German textbooks’ coverage of basic arithmetic princi-

ples and first graders’ learning of the principles (Sievert et al.,

2021). The principles of interest were commutativity

(a + b = b + a), inversion (if a + b = c, c � b = a), and what

the authors labeled the neighbor principle (if a + b = c,

a + (b + 1) = c + 1). The investigators used an idiosyncrasy of

the educational system in the German state in which the study

was conducted: The curriculum was the same throughout the

state, but schools were free to choose among a range of text-

books for implementing it. Most schools chose one of four text-

book series, which varied considerably in quantity and quality

of coverage of the arithmetic principles and strategies for imple-

menting them. One textbook had little discussion of the princi-

ples and strategies; coverage in the other three textbooks varied

with the principle being considered. The amount of coverage in

the textbook of the principles and strategies for implementing

them predicted students’ acquisition of that type of knowledge.

Teachers’ emphasis was similarly predictive, but neither

accounted for the other. (See Sievert, van den Ham, Nieder-

meyer, & Heinze, 2019, for related findings.)

Mathematical Equality

The overwhelming majority of whole number arithmetic prob-

lems in elementary school textbooks present all operands and

operations to the left of the equal sign (e.g., 4 + 5 = _). Almost

no problems have operands and operations on both sides of the

equal sign (e.g., 4 + 5 = 6 + ___) or only to the right of it (e.g.,

___ = 9 + 5; Powell, 2012). As with rational number arith-

metic, these omissions open the door to misconceptions and

inaccurate performance on scarce types of problems. Even

fourth graders usually err on mathematical equality problems

with operands and operations on both sides of the equal sign

(e.g., 3 + 4 + 5 = __ + 5; Falkner, Levi, & Carpenter, 1999).

Most errors on these problems involve summing either all num-

bers to the left of the equal sign or all numbers anywhere in the

problem, yielding answers on 3 + 4 + 5 = __ + 5 of 12 for the

first approach and 17 for the second.

To test whether the scarcity of noncanonical problems

adversely affects performance, researchers created two work-

books and randomly assigned them to second graders (McNeil,

Fyfe, & Dunwiddie, 2015). One workbook had a typical distri-

bution of problems; the other included numerous items of the

types that are usually rare. Second graders who used the work-

book that included many of the usually scarce types of problems

were more accurate than peers who received the workbook with

the typical distribution of problems on mathematical equality

problems on a posttest given just after children completed the

workbooks and on a delayed posttest 5–6 months later. Thus,

encountering more rare types of problems improved children’s

performance on them. These findings are especially important

because they demonstrate causal connections between the distri-

bution of problems that children encounter and their learning of

problems that are rarely presented in textbooks.

Limitations and Directions

Among the limitations of the research we have described are a

scarcity of demonstrations of causal connections between prob-

lem distributions in textbooks and children’s learning, and a

lack of computer simulations of domains beyond fraction
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arithmetic. To overcome these limitations, researchers should

test for causal connections between problem distributions and

learning by randomly assigning children to receive primarily

problems that rarely appear in textbooks or the same number of

problems with a typical distribution. One domain in which

researchers should perform this type of study is fraction multi-

plication, with children receiving either primarily equal or

unequal denominator problems; another is decimal addition,

with children practicing primarily on either WD or DD prob-

lems. Researchers should also formulate a computer simulation

that receives textbook input for both decimal and fraction arith-

metic, and learns both through the same mechanisms. Together,

these extensions can considerably advance our understanding of

the development of rational number arithmetic and provide a

model for studying the role of problem input in other domains.

EDUCATIONAL IMPLICATIONS

Of all variables that contribute to weak mathematics learning,

textbooks might be the easiest to change. Numerous contributors

to inadequate learning are intractable; no one knows how to sub-

stantially reduce the deleterious effects on learning math of

racism, socioeconomic disadvantages, inadequate teaching,

uneven student motivation, weak prior knowledge, and limited

cognitive capacities. In contrast, changing textbooks should be

simpler. For example, textbooks could present more underrepre-

sented types of rational number arithmetic problems and mathe-

matical equality problems with numbers and operations on both

sides of the equal sign. They also could provide more and better

coverage of arithmetic principles, as well as strategies for imple-

menting them. Learning also might be enhanced if textbooks

featured problems to a greater extent than is typical, for exam-

ple, interleaving multiplication and addition problems with

equal and unequal denominators (Rohrer, Dedrick, & Hartwig,

2020). Changing from less to more effective textbooks is more

cost-effective for increasing student achievement than investing

equal amounts in professional development or class-size reduc-

tions (Chingos & Whitehurst, 2012; Koedel, Li, Polikoff, Hard-

away, & Wrabel, 2017).

Even in the absence of such changes, many children learn

elementary and middle school math reasonably well. This is

especially true in countries such as China, where large majori-

ties of middle school students master rational number arithmetic

to high degrees of proficiency, despite the fact that distributions

of problems in Chinese textbooks closely resemble those in U.S.

textbooks (Bailey et al., 2015; Siegler, Im, & Braithwaite, 2020).

Understanding relevant concepts, together with extensive prac-

tice, seems to allow children to overcome the influence of imbal-

ances in textbooks and other instructional materials (Siegler, Im,

Schiller, Tian, & Braithwaite, 2020). For example, a child who

understood that multiplying two numbers between zero and one

must result in an answer less than either of them would avoid

the common error of claiming that 3/5 9 4/5 = 12/5. Similarly,

a child who understood that both 12/13 and 7/8 were approxi-

mately 1 would avoid the common error of claiming that 12/

13 + 7/8 ffi 19.

Viewed from a different perspective, the findings we have pre-

sented suggest a general hypothesis about when imbalanced dis-

tributions of input problems are likely to have the most

deleterious effects: This is likely to occur when (a) the scarce

problems are very scarce, providing minimal opportunities for

students to learn how to solve them, (b) a superficially similar

strategy correctly solves other problems in the domain, and thus

is available to be overgeneralized, and (c) conceptual under-

standing that could be used to override the overgeneralized

strategies is absent or at least not applied. Fraction arithmetic,

decimal arithmetic, and mathematical equality problems

meet all three criteria, with predicted results. The hypothesis

suggests teaching approaches to address the problem: provide

more instances of otherwise-scarce problems, explicitly note dif-

ferences between types of problems for which a strategy is

appropriate and ones to which it is often overgeneralized, and

emphasize mathematical principles that justify correct strategies

and contradict incorrect ones.

As this analysis suggests, to improve math learning, we need

not only more balanced distributions of textbook problems but

also improved teaching. Teachers in China have a far deeper

conceptual understanding of rational number arithmetic, as well

as of what students typically do and do not know about the topic,

than teachers in the United States (Ma, 1999; Zhou, Peverly, &

Xin, 2006). The topic receives much more emphasis in Chinese

teacher education programs than in U.S. programs, with the

result that unlike in the United States, new teachers in China

are as knowledgeable about teaching and learning about frac-

tions as their more experienced peers (Zhou et al., 2006). It

probably is not coincidental that Chinese children have a greater

conceptual understanding of fraction arithmetic, as well as

greater mastery of relevant procedures, than U.S. children (Bai-

ley et al., 2015). Combining more frequent presentations of cur-

rently rare types of problems, clearer explanations of why

tempting incorrect strategies are incorrect, and more effective

communication of the principles that underlie correct procedures

are promising ways to improve children’s mathematics learning.
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